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Chapter 1

Mean field formalism in the
quantum finite many-body system

1.1 The second Quantization

1.1.1 The occupation number picture and the particle-hole picture

Here we first supporse the “Non-interacting fermi system”, i.e. we suppose the single-particle mean field
potential for binding the fermions. For example, the Hartree-Fock potential, Woods-Saxon potential, and
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Figure 1.1: (a)the ground state of the occupation

(b)

number picture. (b)particle-hole picture.
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In the quantum mechanics, the ground state in the
Non-interacting fermi system can be expressed by
the Slater determinant.(N-body wave function in the
fermi system.)

. by (r1) oo Py (TN)

(I)kl.._kN(”j...’r‘N):i
\/m ¢kN(T1) ¢kN(TN)

The Slater determinant is expressed the property of
the Pauli principle for each fermions. Now we will
introduce the second quantization formula for the
occupation number picture. First we define the cre-
ation and annihilation operator for fermion by using
the anti-commutator relation and the vacuum.

{ci,c;[}:&-j Cz|_>:0

(1.2)

where |—) is the vacuum, in which no particle exists.

The Slater determinant can be expressed by using
these operators as

(roornl I =) (1.3)

i=1,N

<r1~-~rN|1k171k27a7751k7N>a (14)

where |...), denotes the anti-symmetrization.

The Slater determinant(the ground state for the Non-interacting fermi system) has the property as

C7n|1k1a1k237a7a1k1\/>20 (m>N) (15)



By using these operators the fermi vacuum can be defined
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Also in the 8-body system(Fig.1.2), Ip-1h states can be expressed as

|1k1T7 1k1l7 IR) 1k3T7 0k3l7 1k4T; 1k4i707 ) 1k6Ta IR 70> k—e—e—c¢,

= CJ}QGTCK31|O> k—e—e—¢ ———
© (d)

bt
= 10k, 10)

|11~c31 ot Figure 1.2: (c)Ip-1h state of
the occupation number picture.
(d)particle-hole picture.

So the Slater determinant is called “Fermi vacuum”. For example, in the 8-body system(Fig.1.1(a)), the
Slater determinant(Fermi vacuum) is given by

|1k1T71k1l7a7a71k4T71k4l> = |1k1T71k1l7a7771k4T71k4l70777a7a0> (16)
= |0) (’Fermi vacuum)) 1.7

B 0 (k>ky=kp)
- {

117,) (k< ks =kp) (1.8)

Ck0'|]-k1T7 ]-kllv 3999 ]-k4T7 1k4l70a 9999 »0>

Hence we can define the particle’s creation and annihilation operators(a’,a) and the hole’s creation and
annihilation operators (b, b).

e = O(k—kp)ag +0(kp — k)b! (1.9)
et = 0(k—kp)al +0(kp — k)b (1.10)

Note that the anti-commutator relation of a,a’, b, and, b' can be prooved like that,

{eiely = &
= {00 — kp)ai + 0(kp — i)b], 0 — kp)al +0(kr — j)b;}
= 0(i— kp)0(j — kp){ai, al} + 0(kp — )0(kp — 5){b], b;}
+0(i — kp)0(kp — j){ai, b} + 0(kp —0)0(j — kp){b],a}}

when i = j > kp(i = j < kr), a and af (b and b") satisfy {a;,a J} =1 ({b;, J} = 1), and also satisfy
{al,a]} =0 = {b;, J} when i # j because a and af(b and b') are same kind of fermion. These are
self-evident.

0(i — kp)0(kr — j) and 0(kp —1)0(j — kr) are vanish when i *j from the step-function’s properties,

but when i # j these terms doesn’t vanish. So {a;,b;} and (!, a J} must be zero when i # j.

1.1.2 Field Operators in the Coodinate space

By using the single-particle wave function, we can define the creation and annhilation operators in the
coordinate space.

Pro)= Y frslro)ers Uire)y = Y di.(ro)c, (1.11)

k>2all,s=T] k>3all,s=T|

With the orthogonality and completeness of the single-particle wave function,

/drgb,% (10)bprar (P) = G s = ks|< /dr|ra ra|> W) = (kslk's')  (1.12)



D ts(10) Gy (1'0") = Soord(r —7') = (ral | Y |ks)(ks| | [7'0”) (1.13)

k,s2all k,s2all
where  ¢ps(ro) = (rolks) (1.14)

we can get the anti-commutator relation

[W(ro) i@y = 3 3 dru(ro)di (r'o’) {cks,c,t,s,} = Goor8(r — ') (1.15)

k,sdall k’,s'2all

Note that
[U(ra), (r's")} = 0 (1.16)

2-body wave function
Using the expression of the Slater determinant in the second quantization, 2-body wave function is given
by

(I)k1,k2(rl7r2) = <T‘17’I"2‘C;210112|—>

Sl Sl

<’r17r2‘1k151k’2>a (117)

~

In terms of the coordinate space field operator,|r1,r2) can be expressed as

r1,me) = ¢ ()0l (ra)]—) (1.18)

Hence
iy ky (T1,72) = (r1,ralcf el |-)

(~le(ra)v(ri)el,el,|-)

Sl S-S

_ 1 ¢ 1(1"1) d) 1(7"2)
(Pr, (1) Py (T2) = Phy (11) 1y (T2)) = E ¢:2 (r1) ¢:2 (r2) (1.19)

1.1.3 1-particle operator and 2-particle operator

In general, a Hamiltonian is given by

o = Z&+Z o(ri,75) (1.20)
1<J
= 0(ry,rj) (1.21)
#J

in the quantum mechanics.(Here we neglect spin.) In this Hamiltonian, the first term, the kinetic energy
term, is the 1-particle operator. The second term, the interaction term, is the 2-particle operator.
Generally, as seen in the Hamiltonian, 1-particle and 2-particle operators take the form thus

F = Z f(rs) (1-particle operator) (1.22)

1 ) .

vV = 3 v(r,ry) = Zv(ri,rj) (2-particle operator) (1.23)
i#j i<j

Using the coordinate space representation of the field operator, 1-body and 2-body operators in the
coordinate space representation are given by

Fo= Zfijczcj Z/dTW(T)f(T)w(T) (1.27)

Vo= 5 wweldac =~ [ [ ardrs! @ul )it ) (1.28)

ijkl



The matrix elements of these operators are defined as

Wl = [ o) f)sr)
= 5 (1.24) i . .
Gjlolkl) = / / drdr’ 3 (1) (Yo, 7' )i (1) a ()

= Vijkl (125)

Second quantization rule for the 1,2-body operators

Using the matrix elements of operators, the second quantization
rule for operators can be given so as to obtain the same ex-
pectation value and matrix elements for F' and V, thus

F = Z]E(’I"z) — FAV = Z‘fijC;er
Z@(ri,rj) V== ZUUMG chejeg,

i#£] zykl

v (1.26)

DN | =

In many calculations the evaluation of the matrix elements leads to an antisymmetric combination, which

is threfore given a special abbreviation:
Vijkl = Vijkl — Vijlk

Using this abbreviation,

E f)ijklc c .cicr = E vl]klc c Cl1CL — E v”lkc c .ciep = 2 E v”klc c .CiCR

ijkl ijkl ijkl ijkl

Then 2-particle operator can be written as

= E Uz]klc C CiC = E v”klc C -C|CL

Ukz ukl

= —% / / drdr' T ()t ()i (r, v (r) b (r')

_1 rdr' v (PO (PO (r. v’ r Y (r) — P(r)(r’
_4//dd )T ()i (e, v') (e (r) — b(r)i(r')
_1! rdr' T (r)t (@) o(r, r') (1 — ) (r
f4//dd W)t (Yo (r, w) (1= Py ()i (r)
_1 rdr' vt (Pt (P o (r, #)b (e ) (r
f4//dd Gt )t (Yo, 7Y (e (r)

Then a Hamiltonian can be expressed in the second quantization representation:

H = Z( |—V2|j>c ¢+ = Z ijlo(r,r )|kl)c c ik

ij #J

_ /W( )ivz / / drdr' !t ()t (r )i, v Y (e ) (r)

Isovector type and Isoscalar type 1-body operator

In general, the isoscalar type and isovector type operator take the form as
Isoscalar type:(T' = 0) Z fry)

Isoscalar type:(T = 1) ZTZ (@) f(ry)

(1.29)

(1.30)

(1.31)

(1.32)
(1.33)
(1.34)

(1.35)

(1.36)

(1.37)



where 7, is the 3rd component isospin operator,

1

1 1
57'2 =t, 128 ‘p> = _§‘p> tz|n> = §|n>

Then the 2nd quantized expressions are

s = Y [arteniwuen = [arolwim.o) + [ droje e,

tau=-—1,1

Frv = ), / dr! (r7)7. f(r)(rT) = / drip}, (v) f(7)ibn (1) — / drip} () f (r)ey(r)

tau=—1,1

1.2 Density matrics

The density p(r) can be expressed by using the single-particle wave function as

pr) = > lbilro)l?

idhole,o

= > k(o)

k<kp,o

= > > liro)l®

i=1 o

1.2.1 The density operator
Quantum mechanics representation

The density can be also expressed by using the Slater determinant.

N
p(r) = 1w ()

://drl...drNé’fklmkN}(rl...'rN) [B(r — 1) 4o 80— )] B oy (71 -

D gy kny (1. TN)

N
://drl...dqu)’{kklmkN}(rl...TN) lZé(r—ri)
N i=1

> a(r —ri)] )

i=1

= (3|

Hence we can define the density operator like as

in the quantum mechanics.

Second Quantization representation

Under the second quantization rule, the density operator can be defined

pr) = D diele; = vi(r)u(r)

dij = (i6(r —7)|7)
- /dTI¢f(T/)5(7“ — )i (r") = @7 (r)¢;(r)

where

Note that 7 is a coordinate operator, i.e.
roy(r') = (rlil) = (r']j)
v, (r)

(1.38)

(1.39)

(1.40)

(1.41)

'T‘N)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)



Using this density operator, its expectation value is the normal density.

(Op(r)0) = (04T (r) Z¢ 7)(0lcle;10) (1.47)
= Z@ P)pjid;(r) = Y 16:i(r)]> = p(r) (1.48)

i€hole
where  pji = (0lcfe;0) (= 0(kp — ki)dij) (1.49)

Here we defined the density matrix p;; in the configuration space representation. (But in the ground
state, the density matrix in the configuration space has only the diagonal element for hole states.) In the
coordinate space representation, we can also define the density matrix.

p(r,v’) = (0 (r')p (>|0> (1.50)
= ) bi(mpidi ()= > dilr (1.51)
ij i€hole

1.2.2 Density matrix with spin indices and Spin density

Here we define the density matrix for the spin component and also can define the spin density p;.

p(ro,r'c’) = p(rr') oo = % (p(rr’)é(m/ + Z<U|ai|0’>pi(rr')> (1.52)

§rr) +psrr)  palrr) i) N L
(Pm(rr’)+ipy(rr’) p(rr’) — p.(rr’) )-2(1P(r1“)+ p(rr’)) (1.53)

where

log' = 0600 (02)oor = (0loa|0’)  (0y)oer = (oloylo’)  (02)00r = (ol0:|0")

Using the Pauli-matrices properties the inverce relations are obtained as

pa(rr') = (p(r T,r 1)+ p(r l,r )
> (loilo)plro,v'a’) = py(rr’) =i(p ( ' [) = p(r v 1)) (1.55)
oo’ Pz("'r/) (p( P( iar l))

= Tro;p(rr’)] (= 2p10,i(r7")) (1.56)

In addition, if one considers the isospin indices, then

>

3
3

S—
I

p(rr’) = Zémlp(ra, r'a’) Zp ro,r'o) ( %poo(rr )> (1.54)
)
!
-

1 1
p(ror,r'a’'t") = 5,0(7"7', 7000 + 3 zi:<0|0i\0/>,0i(7“7'7 r'r’) (1.57)
= ! N6 ! ! N6 1.58
= 5 ip(rar ) T+ 5 Z<T|Tj|7— >p0,j(1°,7' ) oo’ ( 5 )
J
1 !/ 1 / 1 / /
+5 > (oloilo’) SPi0(r ) + o > (rlrilepi (e v (1.59)
i J
1 / 1 / /
= Zp(r, r )577’500’ + Z Z<T|Tj|7— >p07j(’!’,’l" )500/ (160)
J

1 1
+1 Z(U\ai\a’>pi,o(r, )0 + 1 Z<U‘O’i‘O'/><T|Tj|7-/>pi7j(r, ') (1.61)

i 4,9



where

Tr[rep] = Z (|| ) p(ror, v o’ T")

7,7’

1 1
= Spok(rr )i + By Z<U|Ui|0/>m,k(7’7°/)

2

Trlokp] = Z(U/\Uk|o>p('r07, r'o'7’)

o,0’!

1

1
= §Pk,o(7“7’/)5w' + 5 Z(T\Ti|7">ﬂk,i(7“7°/)
i

ZZ "oklo) (7 [n|m)p(roT,v'a't") = pi(rr’)

O'O' ’TT

TI'[Ulep]

1.3 Time reversal symmetry

Time reversal symmetry is supposed in the ground state of nuclei, then the density matrix has the
property:

pro,r'o’) = (@pi(r'o")e(ro) )" (1.62)
= (®TTW (o) TT W(ro)TTT|®) (1.63)
= (T7®[(—20"Y1(r' — ")) (=209 (r — 0)) |T®) (1.64)
= dod'p(r —o, v — ') (1.65)
On the other hand, the density matrix is the hermite matrix.
p(ro,v'a’) = p(r'c’,ro) (1.66)
Thus
p(ro,r'o’) = % (p(ro,v'd’) + 4oc’p(r' — o', r — 7)) (1.67)
gl ) 4 pa(rr!) o pa(rr’) —ipy(rr')
(e Ciasteey oo ) (1:6%)
pT) — pa('r)  —pu(r) +ipy ) N1 _ L[ plrr) 0
* ( o) S ipg(r)  plr'm) 4+ p(rr) >} =3 ( 0 p(rr) ) (1.69)
where we suppose p(rr’) = p(r'r)  pi(rr’) = p;(r'r)

Consequently, under the time reversal symmetry the spin density is vanished.

1
p(ra,r'c’) = §p(rr’)6g,,/ (1.70)

1.4 Wick’s theorem

Construction and Normal order
The construction symbol /TB , which is used in wick’s theorem, is defined as
P @) = @0 @)()e) (171)
The normal order “: AB :” is defined so as to be
(®|: AB: |®) =0 (1.72)

for some kinds of vacuum |®).



Example of the normal order

In the Hartree-Fock approximation, the mean field Hamiltonian can be expressed by using normal order
like as

ho = Zek celhep s <: Zekczck for the vacuum |—>> (1.73)
k k
Z ek:aiak:-l— Z GkibkbEI

k>kp k<kp
= Z ekalak — Z ekb;rqbk for the fermi vacuum |0) (1.74)
k>kp k<kp

Wick’s theorem for 2 or 4 operators can be given by

i 1 1
:ABCD :+:ABCD :+:ABCD : +: ABCD :
1 1 1
+:ABCD : 4 : ABCD : + : ABCD :

AB —: AB: + AB ABCD

= | —
+:ABCD : 4+ : ABCD : + : ABCD :
1 i 1
:ABCD :+AB:CD:—AC :BD :+AD : BC :
1 1 1
+BC:AD:—-BD:AC:+CD: AB:

1 11 1 1 1 1
+ABCD - ACBD + ADBC (1.75)
Note that the expansion by Wick’s theorem for the operators in the Hamiltonian is
= clew: =clew (for the vacuum |—))
CkCr t Iy :
= ccp —|—ckck/ (for the fermi vacuum |0))

=0k — kr) : alaw : —0(kp — k) : bLbp : +0(kp — k)Opp

[ B | P BN

= 1€ Cp,ChiChs 1 = C}, Ch,ChyChy (for the vacuum |—))
P = :Cklck26k4ck3 :
cklckgck4ck3 +

1 T ] i T i T
FCpy Chy ¢ CpyChy & — Cpy Chy P CpyChy * HCp Chly ©Cp Chy @ — Cp Chig & Cpy Chy

+ @ka éﬂch — czlck4c£20k3 (for the fermi vacuum |0))

Interpretation of the construction of the density operator

The Wick’s construction of the density operator ¢ ()1 (z) gives the expectation value of the density
operator for some vacuum.

m(x) _ { < (—|¥T(z)(x)]=) =0  :|-) is the exact vacuum.(no particle)

1.5 Hartree-Fock arroximation

Using Wick’s theorem expansion, the Hamiltonian can be expanded for the Fermi vacuum,

H = Z(\ V2|jccj+ ZZzg|vrr |l<:lccclc;€

i z;éj k#l
. _h2 2 - 1 e~ IN - - e~ 12 ..
= Y ety Y (Galetr i) — Glote, e i)
ki<kp (ki kj)<kp

+Z |—V2|j> ol Tej:

+ Z Z (kilo(r,r")|kj) — (kilo(r,r")|k)) : ol iCj*

k:<kp 1,9

10

QYT (z)y(z)|®) = p(x) :|®) is the (Hartree-Fock) Fermi vacuum. (no particle and no hole)

(1.76)



% ST ST Wiklo(r, v k) — (iklo(r, ) |kG)) : cle; -

k<kp ij
—l—(residual int. term) (1.77)
1
= dr|Ve(r)]® + 5 drdr’¢; ()5 (r")v(r, ') (¢i(1)d;(r') — ¢;(r)i(r"))
S fmmeers 5]

2
+/dr : wT(r)%V2wT(r) :

/dr wT

/d?‘ Y di(r)o(r,r)ou(r )] h(r') —/ drdr’ - (r') Y Gp(r)o(r, v )y (r) -

k<kp k<kp
+(residual int. term) (1.78)
If we suppose that v(r, ') includes no exchange operaters, the Hamiltonian can be rewritten again
as:
N 1
H — [/ d’r—T / drdr' p(r )p(r') — 5// d’rdr’p*(r’r)v(r,r')p(’r”r)]
+ [l " i) s
/d’r DT (r' [/ drp(r } // drdr’ YT (" )o(r, ") p(r'r)(r) :
+(residual int. term)
.
where

: /dr’wT(T’) [/ dTp(r)v(T,r')} p(r'): Direct term
Direct term

- // drdr' YT (" )o(r, ") p(r'r)(r) : Exchange term

These terms can be represented by Feynman diagram as seen in the left r r
figures.(The upper figure is the “direct term”, the lower figure is the “ex-

change term”)

Exchange term
1.5.1 Mean field Hamiltonian and Hartree-Fock equation
Here we define the Hartree-Fock mean field h(rr’)
h(rr') = 0(H) where (H) = /dr—T // drdr’ p(r )p(r') — 1// drdr' p*(v'r)v(r,v")p(r'r)
op(r'r) B ;
Hence
_O(H) >
4 =
h(rr') = 5p ()
= — /dr"V”é r)-V'5(r" — ')+ /dr"p(r”)v(r"r)5(r — 1) —v(rr)p(r'r)
Then the Hamiltonian can be expressed by using the mean field
A o= (m)+ / drdr'h(rr') : 6 (P)(r) : +(residual int.) (1.79)

11



// drdr’ Zd)k h(rr")ow (') : ches : +(residual int.)

kK
— // drdr’ thk/ ckck/ : +(residual int.)
kK’
The Hartree-Fock equation for the single-particle wave function is given by
/dr'h(rr’)fbk(r’)
52

= v+ { / dr'p(r’)v(r’r)} dulr) — / dr'v(rr)p(r'r) o (r') = e (r)

which is based on the variational principle.
Consequently the Hamiltonian can be expressed as

H = (H)+ Z €k c};ck : +(residual int.)

keall

= (H)+ Z ekazak - Z ekbzbk + (residual int.)
k>kp k‘SkF

— (H)+ ho + (residual int.) ho = Z hip clck. = Z(skk./ek : chk :

k! KK/
Note that
holk) = ﬁ0a2|0> = hskp ekra,t,akfaL\O) =erlk)  (|k) is a particle state. i.e. k> kp.)
T hobll0) = = Yok, ewblbib0) = —exlk) (k) is a hole state. i.e. k < kp.)

This relation can be represented in the coordinate space.

(~futr) [ [ dridrah(rara)t ()i k)
= [ drahtrra)i-lul(ra) b

= /dTQh(TT2)<T2|k'> = Fep(rlk)

{rlholk)

This is the Hartree-Fock equation itself.

The mean field of the Coulomb interaction

In terms of the quantum mechanics, the Coulomb interction is given by

o e? (1+7’¢3)(1+7"3) . o Q5 () (T:+1)
H. = T ; e — 1] I where  7;36(i,7) = { qun(l) (r=-1)
Hence 2nd quantized Coulomb interaction is given by
H. = g}; LZT: // drdr' ¢} (r1)¢; (v’ )de(rﬂqﬁl(r%')] cTcTclck
= =S [ i) e
Then
B o)y (17) = py(r)py()]
() 29 / Aripp(r) ,
dpp(r'r) - |r—r| |r — 7] or—r)

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

(1.86)

(1.87)

The first term is so-called the “exchange term”, which is often neglected in the H.F. calculation. The

second term is the “direct term” of the Coulomb interaction.

12



1.6 Linear responce theory

The time dependent Schrodinger equation is

, 0 -
zhaﬁ(t)} = H|®(t)) (1.88)
Applying this equation to the (time-dependent) density we can get
iﬁ%ﬂ(r;t) = (@) [¢T(r)e(r), H] |0(t)) (1.89)
= [ v’ (e ple’rit) = plr s (= (o). ) (1.90)

But if the Hamiltonian does not include the time-dependent perturbation(external field), [h(p), p] will be
zero because |®(t)) — |®) or p(r;t) — p(r).
Here we add the external field to the Hamiltonian as a perturbation.

o
where
B =3 fu (Lo = / dr it (r) (5 ) ()
kk’
Hence
i) = (@) [ ), B+ P @) (1.91)
= [ (e ol i) = plr OB + (£ ). plr)
(= [h(p) + £(2), ) (1.92)

This is so-called “Time-dependent Hartree-Fock equation”

1.6.1 Linear responce equation

If the unperturbed gorund state of the nucleus has a density matrix pg, the time-dependent one can be
expanded as

p(t) = po +dp(t) (1.93)

The mean field hamiltonian can be also expanded as

hlp) = hlpn + 8p(0) = o) + 52 000 (194)

Substituting these expansion to the time-dependent Hartree-Fock equation, we can obtain

iﬁ%ép(t) = {h(po) + (S};(pp)lpzpoép(t) + f(t),po+ 5/)(15)}

= (o) 8l0)] + | “5 o), 0| + 0 (1.95)

Using The Fourier transformation, (1.95) becomes

o)~ ). 0] + | T2 dole) + £0), o] (1.96)

The explicit coordinate representation is

hwip(r;w) =~ /dr' [R(rr")op(r'r;w) — dp(rr’;w)h(r'r))

Sh(r'r)
5,0(1"1’[‘2

+/dr' // drydrs [Wb_pﬁp(rlrg;w)po(r’r) — po(rr’)

r1i7T2
+ [f(r;w), po(r)]

13

)|p:p05p(7'17'2;w)

(1.97)



1.6.2 Time dependent perturbation theory

The time-dependent single particle wave function

or(r(t) = (r:tlk) = (—[e(rt)|k)
= (|0 @)Uk

where U(t) is the time evolution operator, which is given by
U(t) = e~ #(t—todho ( holk) = erlk)  hol-)=0)
Then the single particle wave function satisfies
0 A IR
ihseon(r(t) = (=]0'®) [0(r), ho] O(O)IK)
= [ drsdrahrira) (10" @) [w(r). 0! ) otr)] Do)
= [ a0 e OO = Haon(r()

This is the time-dependent Hartree-Fock equation for the single particle wave function without the time-
dependent external field. The solution of this equation is given by

Pr(r(t)) = TRt g, ()

The additional weak external field is a perturbation, and changes the time-dependent wave function and
the mean field.

Pr(r(t)) = TR0 g (1) TR0 (g () 4 5y ()
h(rr') — h(rr’) + %(rr/ 1) + f(rt)

Thus the time-dependent HF equation becomes
0 6h, ,
+erdor(rt) +zh (5¢>k (rt) dr' { h(rr")d¢r(r't) + 6p( ' t)or(r) ) + f(rt)or(r)
By the Fourier transformation, this equation can be rewritten.
o i —iwt — i —iwt
dop(rt) = o /dwe 0ok (rw) flrt) = o /dwe flrw)
Thus
/dr hrr")od(r'w) — (hw + ;) dpr(rw) = /dr — W)k (r') — frw)r(r)

If we use the delta-type interaction in the Hartree-Fock mean field like as the Skyrme interaction, this
equation takes the form as

h2 5h
(—vw(r) V4+U(r)—hwF fk) dpp(rw) = — (5,)(’" tw) + f(rw)) br(r) (1.98)

This type equation is so-called “Sturm-Liouville equation”, and the solution is given by using the Green
function.

ddr(rw) = /dr’Go(rr' hw + €, + 1) (gl};(r' tw) + f(r’w)) or(r') (1.99)
The Green function is defined as

(~Vagmegy T+ U = B) Golrr s £) = =(r v

14



The spectral representation of the green function

If one expands the HF green function in terms of ¢; as

Go(r,r'; E) = »Z” (¢s(r)Ci(r")) (1.100)
one can get b
(ho(r) = B) Go(r. 73 E) = = 3 (B = e)ou(r)Ci(r)
= _;f;”_w) (1.101)

By using of the orthonormality of the wave function, one can obtain C.

Ci(r') = %’2 (1.102)

So the HF green function can be expressed as

Go(r, v E) =Y (“W) (1.103)

1.6.3 Energy weighted sum rule

The energy weighted sum rule S; can be written as a double commutator

S1= 37 (B, — Bo) (WIE0) = S0l [£, [71,7]] 10

v

This double commutator can be expressed in the configuration space as where we put the Hamiltonian
and the external field

[F, {H,F” = Zfij thl men [c;rcj, [CZCz7CLan
= Zfzg thl men [C ¢, [(5lmckcn Spnc, Cz”

mn

= Z fij thl Z Jmn {5zm ( jkc Cn — 5mC;Cj) — Okn (5jmcjcl — 61-101710]-)}

mn

= szlj ]lflnC Cn — Zzhklflszckcj Zth]fgkhklc Cl +szmk}hklfzjcmcj
ij 7]

In iJ ij km

= Z Z (frghjifio = g fiifu — frj Fiaha + frjhji fa) CkCl
i Kl
where  [AB,CD] = {B,CYAD — {B, D}AC + {A,C}DB — {A, D}CB

(0lcie;[0) = ele; = O(kp — k)i,
H= Zhw G F=Y" ficle
i
Thus

(o] [ﬁ” {H’F” 0) = > A2fuihgifin — bay fii fin — Fig Frihin}

1j k€Ehole

Also in the coordinate space,

B[ ]| = ][] araranrsg) s mtrr) [ @), 0w, of )6 )])

/// drdr'dridrs f(r) f(r")h(rirs)

15



X [BH)0(r), (5" = ) ()b (') = 60" — 1) () (2]
J[[[ arartirsarasrsa i)
x50 = 72) (8 = r0)ul (') = 3(r = )T (r) ()
=50 =) (3 = )9 () (r2) — (= r2) ! () () |
[ drdr’ @l @) @ 100 = 0 () )0 — ) £ b )

Thus

Ol [ [f1E]] o) = [ [ drar’ (24r) 1 htra")oto'n) = e’ 20 ypta'r) = £ o)

where we put the Hamiltonian and the external field

i = / / dridrah(mra)dt (m)p(rs) P = / dr f(F)0 (F)(r)

For the most simple example, we put

—h2
h(rr') — Q—V%(r -7+ U(r)s(r —7r') No velosity terms in the potential
m

Then

o [p.[a o = [arl s ->/ ar 1) (V5 6u(r)

= Ty

Next example is the Hamiltonian which is contained the effective mass.

h(rr') — V- QT;?(i)Vé(r —7')+U(r)o(r —7')

Also in this case,

(] [F [HFH 10)

/ drm??r) v -¥ [dror) V5 i)

= (V")

Example : Sum rule for the multipole operator

For the multipole operator, f =}, 7Y\, by using the gradient formula[(6-171),B.M.vol.I,p401],

ZV(;S(T)Y;M Vo(r)Ya, = 2)\47:1 <(ﬁ>2 +AA+1) <f>2>

123

the gradient (V f)? becomes

A2A +1)2
YNV = ACA+D)" oo
47

Then

= Z/drqﬁj(ro)z (VT’\Y,\H)2¢Z-(TU) = 2)\+ Z/d Ty (1)1° 2 bt ()

nlj

_ARAHD)? o
)

16



¢i(ro) = Vijm 7¢lj(7; En)

1
Vijm (70) = Sl 5 Ljm) Vi, xo(0)

mys
Thus one can get the Thomas-Reiche-Kuhn sum rule

R ARA+]D)
 2m 4

Sy A+ 1) (72

17



Chapter 2

Multipole field

2.1 Charge density

We have already studied the density operator. In addition, here we will study the charge density operator.
The charge density operator is defined by

plr) =3¢ (5 - tai)) ot =72 (2.1)

For the Slater determinant, the charge density operator satisfies

(@] lie (; - tg(i)) S(r — #;)

i=1

(®[pe(r)|®)

)

Il
QU
=
—
&
=
hS
KA
—~ %
ka
=
BN
o
—~
3
—
)
b
~—
1
[]=
®
7~ N
DN |
|
~
w
<
S—
N—
=
=
|
<>
N
|
KA
—_~
=z
=
BN
o
—~
3
—
)
b
S~—

i=1
z
= //dm...drz@?kl__kz}(m...rz) [265(7'—1'1) Qrpy gy (1. .T2)
i=1
z
= D eldpn (M) = pp(r) (2:2)
i=1

where A=Z-+ N Z is the proton number and N is the neutron number.

2nd quantized charge density can be expressed as

pe(r) = Z Z/dr’(ﬂ(fr/T)e (; — tg) o(r — f’)@(r’T)CZCi (2.3)
= el (r)yy(r) (2.4)

2.1.1 The multipole expansion of the electro-magnetic field

The interaction Hamiltonian between the electro-magnetic external field and the nucleus is given by

Hiy = 1 /d?’erA“ = /d3r (p(r,t)@(r,t) - %j(r,t) . A(r,t))

c
[ e 0200) ~ uir 1) Blr.0)
where p is the magnetic moment and B is the magnetic flux density, which are defined by

Jlr )=V xulr,t)  Blr,t)=VxAlrt)
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If the sorces are far from the nucleus, and the quantities ¢ and B are static, these quantities satisfies the
homogeneous Maxwell equations,

Ad(r)=0 VxB(r)=0 V-B(r)=0
This means that B can be written as
B(r) =-VE with  AZE(r)=0
The general solution of the Laplace equation is given by

1 92 12

r)= Za,\”r}‘Y/\M(f) with  Af(r) = ( 52" ) f(r)=0 (Laplace equation)
Ap

7.2

Then the Hamiltonian can be rewritten as

Hine = Z{axu </dr,0( )Y (7) > + O (/dw (r qu(f“)))}

Al

= S o ([ o)) o [ i) 409 v )}

Ap

2.1.2 Isovector, Isoscalar operator

1st Quantized representation

A
Qv —ZZn OYau(i), Qs =D > 1(i)Yau(d)
i=1 =1 p

== -+ @

2nd Quantized representation

G =23 [droymmr Ve, Qs =N [dre e as, e,

J @M J Mg
=3 / dris (r)Fsr Yoy (1), Z / A (r)r Yo (r),
sq
=Qr—Q = Q?L + Q)
Note that
1 X X
ts =57 T3ln) = |n)  T3lp) = —|p)

2.1.3 [El operator(Mass Center removed Isovector Dipole operator)

A
N 1 . .
Qepr = e Z 22 1—73(4)) r(9)Y1,(4)
M——lz 1
z z +1 z 3
S SO WLLNTEN TS SRR WA
p=—1i=1 i=1 =1 i=1
Note that
1 .
rYi, =1, ry = :F\ﬁ (x +iy) =

In terms of the Center of Mass system, the total linear momentum vanishes. In general, the coordinate
of the center of mass system 7 is given by

7“7;:7'2'—R =

:u \

A 1 zZ N
Z""ﬂ T ZZ"J Z
j=1 j=1

=1

N D>\H
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then one can get the center-mass removed E1 operator by replacing r, — 7,

5 = /2 Y )

p=—11=1

SRED 3 o CRORETRATY

p=-—11:=1

ZN . 77
- \f Z <ZRPARHARﬁ)

p=-—1

3 H ZN ZN 1S
= Vi X0 RZ>=6\/; A (ZZZ”(Z)_NZZ"(Z)>

Z N
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Chapter 3

Random Phase approximation

3.1 Liner responce theory

3.2 Derivation of the unperturbed responce function

The formal expression of the unperturbed responce function is given by

Ro(rt, 'ty = —if(t — (0] [T (0)(r)o(t), T ()" Tr(t)] [0)

= B0 )2 e o] o il ) 0

mi

_oit=t) (em—ei) /R 0]p(r")|mi)(mi| p(r) |O>}

where Uy(t) = e~i(t—t0)ho/h | m) is a particle state and |i) is a hole state.
Note that hg is the mean field hamiltonian, which has properties as

ho|0) = 0, ho|mi) = hoal b1|0) = (en — &) |mi)
ho = Z emainam — Z eib;(bi (m € particle i € hole)
Applying
-1 oo io(t—t") -1 00 —i@(t—t")
21 J_ w —1in 2mt J_ o w+1n

to Ro(rt,r't’), one can get

1 > 1 . o~
Ro(rt,r't)) = 5; /_ Dod%fm [e”(t_t J@=(em=€) /M) (0] p(r) |mi) (mi| (") 0)

=l @ =)D 0] (o i i ) 0)
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Then, the Fourier transform of the unperturbed responce function can be obtained

1 > ) /
Ro(rr’,w) = —/ d(t —t") e ) Ry (rt, 7't')
2 J_ o

= ;22[:%['l5@+w—@waM®WﬂWMmM@N®

w —1n

5@+ e — )OI i) il ()
g [ ) nilp10) (O il ()]0
N 27'(Z|: (ém — €) — hw —in + (€m — €;) + hw +in

mi

The proof of (3.1)

—1 [ e—iw(t—t)
ot —t") = —/ dw——-—
2m w+1in

—00

To show the proof of this relation for the step func-
tion, we think the contour integration(left figure).
\i When ¢t —t' > 0(t —t' < 0) one takes a path Cy +
C1(Co+Cy), because e~ =) converges on Cy (Cy)
C plane at the limit w — oo, and also

/ dw efiw(tft')
C1(Co) 2T W+ in

Then one can calculate by using the residue theorem,

0 du efiw(tft’) dw efiw(tft')
/,m% w +1in _/0027”' w +1n

d —iw(t—t")
(t—t >0) / w,e.‘
CotCy 2T w+in 0

d —iw(t—t")
(t—t' <0) / R
CotCy 2T w +1in

>
>

— 0.

R—o0

— —1

3.3 Sum rule

The RPA responce function is given by

R ) = 3 (EAIEN0) {0501t

hwf(Ey—Eo)+i€ thr(EV*Eo)ﬁL’L'E

v>0

where |v) is an excited state which satisfies H|v) = (E, — Eo)|v). If one use the relation,

P [arsptr) (= [ arswitmie)

and 1/(w +i€) = P(1/w) — imd(w), then one can get

- / ' N (0| F|v) (v| F|0) (0 F'|) (v] F|0)
Rp(w) = //drdr fP)R(r, 7 w)f(r) = ;) (hw— (E, — Eo) +ie  hw+ (B, — Eo) +i€>
2 1 1 .
= ;<O\F|y><u\ [hw @Byt hot BBt V) (V| F|0)
1 1
N E){P(hw_(EV_EO)hw+(EV—E0>>

—im (§(hw — (B, — Eo)) — 6(hw + (B, — Ev))) }|<VIF|0>I2
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So one can get the relation for the positive frequency(w > 0),

Im//drdr’f(r)R(r,r’ L) f(r') = —7 Y 6(hw — (B, — Eo))|(v|F|0))?

v>0

One can get the energy-weighted sum rule by integrating this relation,

2 )
Sy = —7;/0 dwwlm//drdr’f(T)R(r,r’ cw)f(r') = Z(Eu — E0)|<V|F|O>|2

v>0

In general, a sum rule Sy, is given by

Sk =Y (B, — Eo)*|(v|FI0)* = (0|F(H — Ey)*F|0)

v

3.4 Static polarizability and Spurious solution
When we think next Hamiltonian
H=Hy+ \F (Hy is the exact hamiltonian, or HF hamiltonian etc.)

here, F' is the external field. The external field, can be expressed by the one body operator, can commute
with H.

[H,F] =0

For a state |\) = ¢*"|0), the expectation value of the hamiltonian (\|H|)\) can be expanded by A as

(A H|A) = <0|H+i/\[H,F}+%2[[H,F],F}+...|O>

= (0|H10)

|A) is so-called "the spurious state’ which is caused by the spontaneously symmetry breaking in |0). Where
|0) is the Hartree-Fock basis RPA ground state. The equation

(O|[[H, F], F]|0) = 0

can be expressed in matrix language as
A B F —0
B* A* —-F* ]

(Ol[[H, F1, F]|0) =

Also
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3.5 RPA with Skyrme interaction

Skyrme Hartree-Fock equation is given as

hO,q[p]Qi)q,i (T) = 6i¢q,i("°)
hO,q[p}(bq,i(T)

2
= (g5 + Baplr) + Bapy(1)) Aoy )+ [Ba20d (1) + B2y (r) = Ba¥plr) = Ba¥p(r)] Va(r)

+ |2B1p(r) + (o + 2)Brp® T (r) + 2Bapg(r) + aBsp™~ qu 7) + 2Bsp™ (1) pg(r) | dq.i(r)

+ [Bs (1(r) +iV-§(r)) + B (14(r) +iV -4, (7)) + 2BsAp(r> + 2B Apy(T)] dg.i(7)

Here we ignored spin-dependent terms, but time-odd velocity dependent terms are included.
Random-Phase-Approximation in the density functional theory can be formulated from

Sh ,
he(t) = hoglp] + m+2:°ﬂ e 4 hec.

¢gi(r,t) = it {¢q7i(r) + 5¢é;)(r)67iwt +5¢q—;) (r)eﬂ'wt}

0
zha¢q7i(r,t) he(t)@q.i(r,t)

l in the first order approximation

_ oh
(ho -+ ¢ — o) 664 (r) = AP °" /| Pai(r)

1t
6h0q

(—hw + € — hog) 8605 (r) = DD

/

$q,i(T)

These two equations are the “Strurm-Liouville equation”. The “Strurm-Liouville equation” takes the
form LO(r) = v('r) and the Green’s function is defined as LGy 4(rr’) = —(r — 7’). The solution can
be given as ®(r) = [ dr'Go4(rr’)v(r’).

Here one can deﬁne Hartree-Fock Green’s function as

(€ = ho,g) Gog(rr'se) = =0(r —17)
Note that the Lehman representation of the Green’s function, with use of the orthogonality of the

wave functions ), ¢q.i(7)¢; (r') = d(r — '), can be expressed as

$q,i(1)¢5,4(7)
Z RELANE AL AN,

€ — €

Goqg(rr'se) = —

i€all
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Therefore the solutions of above two equations can be given as
_ oh
6(;5&2(7’) = /dr'GO’q(rr’; hw + €;) [ ext | Z 0.0lP q/] bq.i(r")

bqj(T (r') ext dho q[p] ol
/ Z —ez—hw [U + a 45/)2/ 6pq | bq.i(r")

jeall €

+
5h
5¢((;;)(7') = /dTIGO,q(rT/;_hw+€z [ e$t+z v.alP 5qu] q,i(7")

|
* §
- far e [Z |

J€Eall

With use of the Skyrme interaction,

dho q[ / /5h0q ¢qz( ) /
8pq Bg.i( dr' —L—=—2L2="L5p (7
5pq/ q, 5[0[1 q( )

— (B3 + 0qq' Ba) 0pgr (1) Agpg i () + (BS + 0qq' Ba) [Qiéjq’ (r) — Vépy (r)] Vg,i(r)

+|2B1 + 8q¢2B2 + (o + 2)(a + 1) B7 p(r)

+afa —1)Bgp™™ qu,, ) +2aBsp® (1) (pgr (1) + pq(7)) + 2Bsp® (7)0qqr | 0pgr (1) g (T)

+ [(Bg + 5qq/B4) (5Tq/( ) + ZV'(S.]Q/( )) (2B5 + 5qq/2B6) A(Spq/(’l")] (;5,171'(’!')

= quq’épq’(r)Aqbq,i(T) — 2bgq [2i§jq' (r) — Viépy (7')] 'v¢q,i(r) + aqq’ (T)épq’ (T)¢q,i(r)
—2bgqr (07 (1) + iV 65 (1)) Bq,i (1) + (2bgqr — Cqq) Adpg (7)dg,i(r)

Therefore

[ s ‘”’0“ Aspgonar') = [ ar's; 6760 gy ()3 ()
b [, ()04 50 (1)
/drqS (‘v V’)qjqz bg: 24,0 (r")
+ / dr' gz, (r') (‘v + ) (e Vopy (')
+ [, 00) (B + K) 600 b b (1)
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And also

[ v, ) {

Then one can get

3607 (r)

5h0,q[ﬁ]

dpg

j€Eall

/dr Z¢‘”

j€all

/dr Z%J

J€Eall

/dr > $g(r)

J€Eall

/dr > ¢g(r)

Jj€Eall

/dr Z%J

j€all

= /dr Zqﬁqj

J€Eall

/dr Zgbqj

J€Eall

/dr > Gglr

Jj€Eall

/dr > Gglr

j€Eall

/dr > bgi(r)

j€Eall

/dr Zqﬁw

j€all

t
5Pq’} ¢q7i(Tl)

[/ dr'¢y ;(r')

/ A1 & ()6 5 () agq (' )5y (1)

5h0,q[P]

dpg

0pg bq,j (7’/)}

+/d7"l¢* ‘(T/)(bq j(T/)bqq’A+5pq’ (7“/)

:/dr’¢27j(r’) 3

ﬂ%( ) (&

/dr ¢y (T
/dr%

/dr%l

) sl
e RS
fefhw

) (T

ot (V-
_€1+7w¢ (1)1 )0
a6l

P %)

—

=€ +hw¢* ($
=€ +hw¢2j (v
26

—————0, ) (B + &) galr

(ﬁ ?)qﬁw

beg’ ~2i(5jq/ (7"/)

v—Fﬁ) ¢q] qu VCqu( )

(_

ho,qlp]

e D I e e A L O

Z Agq (

_>> 0,5 (1) bgq Opy (7"/)]

L0y i
oy P g (")

' )0py (7

quq Aydpg(r )

q’

V') dualr”

V') dalr”

ext

)2 car

) Z baq'0pq (r')

Zcqq NVdpy (r (r )

Z bgq2i03 o (T

' )0py (7

quq 1Aybpy(r )

q’

&) bl
+ V') bualr

V') duatr’

’I"/) Z bqq/ 5,0(1/ ('l“/)

Zcqq Vidpy (r')
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Here we define the transition density

pq('n t) =

+h.c.

Linear responce equation

opg(r) =

+ ) bgi(r)

j€Eall

+ ) bgi(r)

j€Eall

+ ) bgi(r)

J€Eall

+ ) bg(7)

j€all

+ ) bg(7)

j€all

ot

+ ) g0

j€Eall

+ Y Gl

j€Eall

+ Y

j€Eall

+ Y byl

j€all

+ Y Gyl

J€Eall

Z Gg,i(T t)dg,i(r,t)
Z%
ey {¢q (P00 (1) + 6. (r)30L5 ()}

) dq.i( — pg(T)

— e, (r)

— e"“'opy(r)

> {0740863 (1) + 415657 (1)}

= / dr’ l
i€bound

1
{ Z Gq.i(T ﬂéb;,j(rl)%,i(’“/)vm
j€all ¢
— o q] )b (T Zaqq r')dpg (T
1
*efhw¢ ( )bq,i(T quqA+5pq< )
q’
1 N — ’
— _Mcbq,j(r)(A K') 60a(r') D burdpy ()
q/
—— 6350 (V' + ') 004(r') Y o V3p0 ()
q/

_ 61 — (v v ) bq.i(T") Eq: Daqr 2007 (r’)}

j€all

1 * exr
Z ¢q i(r) g (r mﬁqu(rﬁ) t
1
0ilr) g s (1) 2w ()0
1
)bq.5( Z bag' A1-0pg (")

ej—el—&—hw 924

) (B +2") 6450

Z baq'6pg: (T
Zcqq Vi dpg(r')

quq/2l5jq } ]

€ — € —|—hw

) (T4 9 60 ) ——

€ — €+ hw D0l

) (V= ¥") 60

e — € —|—Tw
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Here one define the responce function

Z Z { )‘i’qy( )ej_elll_m)‘lsz,j(r/)éﬁ(r/)éf’q,i(r/)

i€bound j€E€all

R A 1
40351 0a(r) 0 (1)}, ()05 1" (') ———— }
i 7

= > {Qﬁ;,i(r)@a(r)Go,q(rr';ﬁw+6¢)Oﬁ(7”)¢q,z’(r/)+¢Z,i(r') 5(r")Go,g(r'r; —hw + €)Oa (1) dg.i(r )}

i€bound

= Rgf;(rr'; w)

where
Ou(r),04(r) € {1,¥+ ¥,V - ¥, X + X}

The linear responce equation is

8paq(r Z/dr Ro‘ﬂ (rr';w vah ad’( " )0pg,q (r') + R (rr'w)ve™ (1)

3.5.1 Strength function and energy-weighted sum rule

The linear responce equation becomes
8paqg(r) = /dr R§ q(rr w)vg‘”t(r’)

+> / dr' | B33 (rr'20) D vf" 17 (r)dps. 0 ()
B

q/

/dr RG L (rr! s w)ve™ (r)

+Z/dr /dr" Roq rr’;w vah’qq Réﬂq (r'r"; w)ve (r")

+ Z /dT /dr” . Rgﬁ(rr';w)ngh’qq )Rﬂﬁ (r'r"; w)z gh q/q”(r Yoo
q/ q//

BB

The strength function and its energy-weighted sum are defined as

1 exrt,*x
—;Im drvg™*(r)6py,q(r)

Sq(hw)

1
——TIm [ drog®t(r
™

JrZ/dr /dr” éﬁq (rr'; w)ngh’qq,(r')Roﬂ}q (r'r" )it (") b 4

q

—flm/dr/dr’ ()R (rr' w) vt (1)
—ZZ Im/dr/dr /dr” ertx( Roq(rr w)v phqq( ’)Rglq (r'r" W)t (r")

—;Im(vsxt’*Ré}q(w)vgm> - Z ZIm(v;‘xt’*Réi(;w)vgh’qq/Rg,l (Gw)vert)
B d

/dr Roq rr'sw)ve (r')
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The contribution for the energy-weighted sum of the first term is

q

flm/ dw/dr/drw >y { 5 (T)0g" (1) g 5 (7 )ej—ei—lhw—ie(b;j(r) vg (1) g i (1)

i€bound jEall

1 * ext,x pll ext
;Im/ dww(vg™ " Ry (w)vg™)

+65,5(P)vg™ " (1) bqi(r) b i (") vg™ (r") g 4 (') : ‘ }

€ — € + hw — e
— i [Cdow 55 e et
€ — € —hw—ie € —¢€ + hw—ie

i€bound jEall

7Im/ duowo Z Z| ext|j {6 — € ﬁwze}

i€bound jEall

flm/ dww Z Z [(ilog™ |5)] h{ +z7r6( > i —w)}

i€bound jEall

Yo > (el =D (e - 6h)\<h|vf§“\p>l2

i€bound jeall p,h

Or} the other hand, the double commutator relation of Hartree-Fock hamiltonian iLo and the external
field f becomes

A

>0 £ Iph)phl [ho. ]| 10)

p,h
= Y 01FIph) (wh] [ho, ] 10) = = 3 (ep = en)|(AIF 1)
p,h p,h
where
holph) = (e, — en)|ph) hol0) =0 (O flph) = frp = (1| fIp)

= Zei : czci = Zepa;r,ap — Zﬁhbzbh f: Zfijcjcj
i 2 h @]

And also, one can get from the coordinate space representatin Hartree-Fock hamiltonian,
2

o [£.[ho. 7] 0) = (25

Therefore, the energy-weightes sum of the first term can be obtained as

(V1)

7Im/ dww (v Prt *Ro,q( w)v Pzt> —(0] {Vert [h Vert” 0) = —( [vvezt]2>
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The contribution of the second term is

fZZIm/ dww (vg™ *Rw( )vgh’qq/Rg,lq,(;w)v;,zt>
- ZZ Im/ dww/dr/d’r /dr” ert* (p) Ryl (r7 s w)v ph’qq( Ry (' w)ust ()
- Z Im/ dww/dr/dr aqq ( /dr” I (P Ry (s w) REL (7' w)ulF (r')
—|—Z Im/ dww/dr/dr byq' /dr” () Ryl (rr' s w) Ry (e s w)u i (e
+Z Im/ dww/dr/dr bag /dr” ert (1) Ry (s w) RS (r'r" s w)ugtt (r)
+Z Im/ dww/dr/dr Cqq’ /dr” ertx( 1V+(rr';w)R§;1(r’r" w)ver (r")

+Z Im/ dww/dr/dr byq’ /dr" ertx( ROq (rr’;w)Rg;l(r'r" w)vert (r'")
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where

1 «
[ mrg e = f dr2{¢z,h D ()60 1) o 0 ()0 (1))
p,h

+7p (1)05 " (1) b, (1) 0 1 (7)) O (1) () ! . }

€p — € + hw — i€

1 .
- Z { €p — €p — hw — i€ <p‘vsmt|h>*¢2,p(r/)0ﬁ(T‘/)(bq,h(r/)

p,h

1 ext * % N\ A / /
€p — €p + hw — i€ (hlvg™1P)" @qn(r)O0s(r ) dq ()

1
/dr’/Rg,lq(r’r//;W)ngt(r”) - /dr” {¢qh ) 3(r)dq (v )e — —hw—ze¢q,p’(T//)Uzm(rl)(bq,h/(r//)
) 1
05, ()08 (1) Ga.pe (1) b5 (r")0g™ (1) g () —— ie}
P

1
€p — €p/ — hw — i€

= { (") g (7 /)<p'|?f§”|h’>
!

v,

A 1
0 (r")Os (1) dg,1r ('r/)<h/‘”gzt p) ' }

€y — €n + hw — i€

(VK = Z [ (63001805 o () [ 65,4000 a0

= <klqu’ff7|w>

*

(VIR = {Z [ [65,)0a(r004,500)] 0 )[¢z/,k<r'>ég<r’>¢q/,z<r’>]]

D [ (640008 7 07 5, (0617

= <lkIVq’;}f|ﬂ> = (jilVy lik)
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Im/ dwa/dr [/ drog™ (v )ROq(rr w)vgh 9 (. )/dr”Rglq (7" W)t (v )]

fz Im/ dwaZEP_Eh_hw .(p|v;mt|h>*
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p,p’ h,h’

x { (plog™* |1) {hp | Vg |00} ' oG )

1
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Appendix A

Isospin operator

If we consider only neutron and proton system, isospin operators have the properties as

52 1/1 - 1 + (¢ =n:neutron)
Pl ==(=+1 filg) = +=
l2) =5 (2 + ) l9) l9) 2|¢1>{ ~ (g=p: proton)

where £ = 27. 7 is the Pauli’s spin matrices.
So

[Ti, Tj] = 2i6ijka ([fl,fj] = ieijkfk)

The isospin ladder operators can be defined as

P tilp) =In) -|p)=0
ty =t, it A -
= he 2ty {t_|n>=|p> iln) =0
A.1.2 2 particle system
JUA A~ PN PO 1 .. . PO PN
tity = futa +hyly + it = o (e +hfoy) +i2fo
Ti1T2 = 2 (f1+f2— +t_toy + 2£1z£2z)
(nn|ty-1olnn)  (nn|m-T2np)  (nn|mmelpn)  (nn|m-T2|pp) 1 0 0 0
(np|ri-Talnn)  (np|Ti-m2np)  (np|Ti-Telpr) (np|mieTlpp) | [ O -1 2 0
(pn|m1-m2lnn)  (pn|T-T2|np)  (pn|Ti-T2lpn)  (pn|T1-T2|pp) 0 2 -1 0
(pplTi-Talnn)  (pplTi-Telnp)  (pp|Ti-T2lpn)  (pplTi-T2lpp) 0 0 0 1
, N 1 L, l@=d): 1
nem = alnemlad) =20, 1= { {1590 1)
T = i1 +i2
N . . . N PN 3 1 -
T = (t1+t2)2:t?+t§+2t1't2=§+§+1'+2 — 7A’1'7A'2=2TQ—3
Here one defines |TT,))
.2
TTT.)) = T,|TT.))

L) = fon). [1.0) = = (p) + o). [L=1) = ). 10.0)) = —= (inp) o)
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By using these kets, the matrix elements of 7 -7 become

)
)

< ].+ 1‘71'72‘1+1

< <1+1|T1'T2|170>
§<170|T1'T2‘1 + 1>
(

( ) (L + 1)l -
((1,0[71-7[1,0))
{ )
{ )

( 1)
((1,0|m-72|1 — 1)
( 1
( )

; ({14 1|7 -72]0,0))
)
)

( )
<<1, 0|7’1'T2|0, 0>>
{((1 = 1fm1-72[0,0))
({0, 0|71 -72]0,0))

< 1-— 1‘7’1'7’2‘1 + 1
(0,0]T1-m2|1 + 1)

(1 = 1]71-72]1,0))
<070‘7—1'72|17O>

(1 =1l -l —
(0,0]71-72]1 — 1

T ~— — ~

A.2 Exchange operator
The spin and isospin exchange operators are given by
P,(12) = %(1 Voros)  Pr(12) = % (147172
because spin, isospin operators Ty -T2, 01-02 can be expressed as
61-62 =2 (81482 + 51_824 +251.82,), T1-T2=2 (£1+£27 + 1ty + 2flzf2z)
then

P,(12)|o102) = |o201)  Pr(12)|q1g2) = |q2q1)
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Appendix B

The Density Functional Derivatives

The density functional derivatives can be defined as

SF[f(2)] Flf(z) + eb(x —y)] = Ff(2)]

) c
Example(1)
Flp(z)] = plx)®
SFlo)) . Flo(e) + ed(e — )] ~ Flo)
op(y) =0 €
_ oy @) @ —y))” —p(@)? . 266(x —y)p(x) — 0% (x —y)
e—0 € e—0 €
= 26— y)p()
Example(2)
Flp(@)] = [Vep())”
SFlp@)] . Flola) +cda —y)] - Flp(e)
p(y) =0 €
iy Wep(@) + eVab( — ) — [Vap@)] | 26Vap(@)Vad(z —y) = € (Vad(z — y))”
e—0 € e—0 €

= 2V.p(x)Vié(z —y)

Then we can get the result
SF[p(x)]
d ) = 2V,p(x)Viop(z
/ Y50 () p(y) p(x)Vadp(x)

Functional derivative of the current density term

Next we will show the special example, we think the current density.
The current density can be defined as

1

j(.’l?) = Z (va(l‘, x/)‘w':w - Vx’p(max/”x’:w)

2, (1 (z
/dy5j ( )5p(y) _ /dij(x)g‘;Ey§§p(y) 2j(:c)//dydy’5(yy/)éij(;y)/)§p(yy’)
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//dydy/d(y - y’) 5(;](;2),)5/0@1//) = % {vx (5(.’E - x/)ép(l.x/)) — V. (5(1, N x/)(sp(xx,))} |m/:z
= % {Voop(zx’) — Vo dp(az')} |o—e = 05()

Functional 2nd derivative of the current density term

//dzldzgf(xl) [/dy(i;gép } o) //dxld:cz [ x(lx)z)g(xz)} 6j(x)

= //dmldxg {f(ml)i( ' —19)Vyd(r — 1) |aree — 0(x — 21) V(2 —$2)|$/—$)g(1‘2):| 55 (x)
:% {f(x) (v—ﬁ)g(z)] 0j(x) = — 3 { (v V) }V dp(x)

Example(3)

By following these rules for the calculation, we can also calculate the 2nd derivative of p7 in the energy
functional with the Skyrme effective interaction.

//dzldzgf o [/ Mml(xz))&p)y)ap } 23) //dxld:cgf 57 W?)[ (2)0p(x) + p(2)57(x)] g(22)

[//dmdmf 1) ) g(z )] Sp(z) + f(z)g(z)or(z)
=5 {A(f(x)g(x)) - f(= ) (A + A) g(x )] op(z) + f(x)g(x)% (Adp(z) — Ay dp(x))

If the last line is in the integration | dz, the partial integration can be executed as
[ B [AGF@)() ~ @) (5 + ) o@)] a(x) + F(z)o@)} (Aspw) - A+6p<x>>]
- [ e |5 IV G @ Voot + 5 [10) (5 -+ B) g(o)] ) + 5V () Tp(a) + 5 Fohale) A dp(e)
- [ Hf(x) (V+9) )] Woote) + 5 [7() (B + K g(a)] dp(a) + ;ﬂm)g(x)map(x)}
Here we use

1
7(2) = VoV p(aa’) o= 9 (Ap(z) — Ayp(x)) where Ay p(z) = App(2”) o= + Aur p(22”) |0 =o

1
67(x) = ViV dp(za')|pee = 3 (Adp(z) — Atdp(x)) where AL dp(z) = Apdp(zx) =z + Dprdp(x2’)| =4

Example(4)

) d
/ / dordas o) | [ty IS8 500)| g(aa) = [ [ drdoafion) £t o) Adpta) + Apta)ip(o)] oo
= J(@)g(@)A3p(@) + A (f()g(a)) dp(z)

If the last line is in the integration | dz, the partial integration can be executed as

[ dz#@)g@)asola) + A F@gle) Sp@)] = [ de[-V (F()g(a)) Vip(o) - ¥ (F(e)g(@)- Vop(a)]
- /dx ~2f(2) (V+¥) g2)-V 40p(x)
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Summary of examples
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B.1 The energy functional with the Skyrme interaction

Skyrme effective interaction is given by

v(ry,re) = to(1+xoP,)0(r1 —r2) + Eg(l + x3Py)pYd(r1 — 1r2)
t
+§1(1+x1P ( + % ) r1—1r2) +ta(l + 29 P, )k-(S(m—rz)E>
—

+iWoo - % x o(r1—ra)k

where k = % (?1 7%) is the relative momentum operator acting on the right, and k& = % (‘61 f‘%)
is its adjoint action on the left.
The 2nd quantized Hamiltonian using 2-body interaction is given by

2
Z / dript(ror) % V2)(roT)

422 / / drdr't (ror)t (r'o’' ) o (r, v (e’ o' Vp(ror)  (B.1)

oo’ 11!

and its expectation value in the ground state is given by

(Ho) = > Z//drld'rgT (1,2)p(2,1)

0102 4142

+3 2 [ Jaridriizn - Psp100.2)

61~04 q1~q4

+* Z Z //d'r'l Ar4(12]vpeir (1 — P)|34)202040%(1,2)p(3, 4)

01~U4 q1~q4

? T p(r) o
(H)1 = /dr[;—mT(’r')+B1p2(r)+BQZpg(r)] (H) = va (1—m>/dr¥|pq(r)

(H)y = /dng[me(r)—f(r)] By = %toﬂ%wo) Bz=—%to<wo+§>
(H)s = /d’“B4Z[pq<r>Tq<r>—jq2<r>1 By = plh(l+gm)+ha(l+ o)
q 1
By, = —f{t (z +—)—t (2 + )}
(H)a = /drB5p(T)Ap(T) ' 41 . 21 o 21
By = _T6{3t1(1 + §$1) —ta(1+ 5902)}
(H)s = /drBfSZPq 7)Apg(r 1 1 1
Bs = T6{3t1(x1 + 5) + tg(l‘Q + 5)}
<H>6 = /d'l"(B7p +B8p qu B; = %t3(1+%1‘3), Bg = — %tg(l‘g‘i‘;)
1 1 1
(H)r = /d’“Bgﬂp(r)v-J(r)+j<r>~V><p<r>> Boo= =3t Po=gloro Bu=—glo
1 1
+ D (pa(r) VT (1) + 54 (r)Vxp, (1))} Bz = gptss,  Bis=—51ls
q VJ(fr) = —iZeijkviV;pk(r,r ) rr—p
(H)s = /dr[Bmp2<r>+BuZp3<r>
m(r) = V-V'op(r,r)|,._,
+  Buisp™(r)p*(r) + Bisp™( Zf’q jlr) = %(Vp(r,r’)—V’p(r,r’D r—r
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B.1.1 2nd derivative of the energy functional with the Skyrme interaction

[aruir) [Z / dmwi)ﬂ%&)qwl ga(r)

i §2(H)q ] B
/drlfq(rl) ;/dm(mw@qﬁ"z) 9q(T1) */dr {fq(r)gq(r)ZQ{Bl +5qq’32}5pq’(7')}

q

/dﬁfq(ﬁ) _Z/dm(mfqu/(rz): gq(r1)
= [ar[s,rratr (—B3> Aoy r) 4 £y(r) (5 + ) 0,r) S (=58 ) o)

+fy(r ((v + v>) gq(T Z —B3)V10py (1) + fo(r ((v ﬁ) gq(r Z (_;Bi’)) V_dpy (7‘)}

q’ q’

/d?“lfq(’l“l) [Z/dm(m@q'(ﬁ)] 9q(T1)
= /d’r {fq(T)gq(T) Z (_;(Sqq’Bﬁl) AL bpg () + fo(r) (Z + Z) 9q(T) Z <_;6qq’B4> opg (1)

+fo(r (V + v)) 9q(T Z( Oqq' Ba)V +0pg (1) + fo(r (v V)> 9q(T Z (_;51111’34) V_dpy (7')}

q’ q’

/d’l’lfq (r1) [Z/er Spq(r (5pq (r )5/’@( (7'2)] 9q(T1)
/ dr [fq ) (V+9) 94(m)Y (-2B5) v+6pq/<r>]
62
/drlf‘l(rl) [;/dTQ 5pq(7'1<)§’p>q5’ (7'2)5pq/(r2)
/ dr [fq ) (V4 9) 94(r) Y (260 Bs) V400 (r)]

6%(H)g
[ ansate [;/ St e

:/dr [fq(”)gq(r)z{37(a+2)(04+1) “(r) + Bsa(a —1)p (qu )

q

9q(T1)

9q(T1)

+2Bgap® (1) (pg(r) + pyr (7)) + %qq/Bspa}&qu <r>]
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Then summarized the calculation as,

6*(H)
/d"'lfq(rl) zq;/dﬁ(qu(mwfqu/(ﬁ) gq(T1)

= / [ Z aqq (1)6pg (1) + fo(T) ((Z + Z}) 9q(T Z baq Opq (r) + fo(r Z byg' A4 0pq (1)
+140) (V4 9) 94(1) Y o V1000 (1) + 1,7) (T = T ) gy r Z beg'V—8py (1)

q

where
Gag(p(r)) = 2By + 26,0 Bs + Bala+2)(a + V(1)
+Bsa(a —1)p Z P2 (1) | +2Bsap® 1 (r) (pg(r) + por (1)) + 2049 Bsp®
(a=1¢) 3to(1 — o)+ (a+2)(a+ 1) 5ts(1 + x3)p"
B —sta(rs + 3) (a(a —1)p* 23 pan + dap® T pg + 2pa)
B (a#q) to(1+ 320) + (a+2)(a + 1) F5ts(1 + F23)p"
—Sta(as + ) (ala = 1)p*2 2,0 p2 + 2ap%)
1
beg = D) (Bs + 5qq/B4)
_ [ la=d) -5t~ 71) + 3ta(1 + 72))
(g #4q) 8{t1(1+ 1o1) +t2(1+ 2 5%2)}
Cq = — (B3 + 235) 5qq (B4 + 2B6)

{ (@=q) —15 (ti(zr — 1) + o(za +1))
(g#q) (1 +3z1) = 3t2(1+ Lao)}

In Sagawa’s paper, he defined

P = pPn + Pp, Pt = Pn = Pp
P> =pi +p§ + 2pnpp, P} = P+ Py = 2Pnpp
= qu (0*+p?)

and using
=q): 1
1Ty — (qq'[T1T2laq’) = 204y — 1 = { Eq ! ; .

Then the residual interaction a,b and ¢ are expressed as

3 1 1
! = _— —_— - 2 1 a
qq 4t0 + 12153( + 2553)(04"‘ )+ 1)p%(r)
1 1 1 o—2 2 2
— 5 la@s + 5)p% = 2ts(2ws + ala = 1)p* 2 (r) (0 + p7)
1 1. oy, (1 1 1
—6t3($3+§)0‘/’ (r) 5(1+71‘T2)(2Pq —p)tp) -T2 Zto(2xo+1)+ﬂts(2$3+1)p

4 48 48 24
1 U
—ﬁt3(2$3+1) P (7')5(1"‘71'72)(2% —p)
1 1
bqq’ = —33 (3t1 + t2(5 + 4%2)) + T1'7233(t1(2$1 + 1) - t2(2$2 + 1))
1
Cqq¢ = 32 (3t1 —t2(15+12$2)) —T1~T233(t1(1+21‘1)+3t2(1+2$2))
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where one used a below relation too,

Pqgt+ Py = (5qq’ + (1 - 5qq’)) (pq + pq’)
Sqq'(Pg + pgr) + (1 = 84q')(pq + pgr)
= 2049 g+ (1= dqq)p

1
= 0Oqq (204 —p) +p = 3 (1+711-72) (2pq — p) +p

B.2 Sum rule with the Skyrme interaction

Hartree-Fock mean field Hamiltonian can be defined as

}ALHF E/ drldrng(rl)(%w(rg) :/ drldrg(spé(iljl)z/ﬁ(rl)z/)(rg)

Residual interaction can be also defined as

) 2
hy = //dm dr41/)T(7’1)1/)T(7'2)5p(r4il)<§i>(r3r2 P(r3)i(ra)
) (1)
= 3 //dﬁ . "dT4¢T(7‘1W(’r4)5p(r4r1)5p(r3r2)1/)T("‘2)1/)(7“3)

Here I note that field operators take “Normal order”. So the expectation value for the HF ground
state is zero. That is

<O|iLHF + iLv|0> =0

B.2.1 Hartree-Fock Mean field Hamiltonian with Skyrme interaction

If one uses the Skyrme interaction keeping with the velocity dependent terms, the Hartree-Fock mean
field Hamiltonian is given by

hur = / dr Hf; + ng(r)} Fr)+ By pq(rm(r)]
q
—/dr
+/dr
where p(q), 7(q), and Vp(,) are defined as

plr) = Zw* = pq(r)

#(r) Zw* ) Vihy(r) = qu(r)
~ Y v (V+9) 0ol = 3" V5

Important double commutator relations

2B;Vp(r)Vi(r) + Y ZB6qu(r)V[)q(r)]

{2B1p(r) + Bs(r )+ Z {2B2py(r) + Bary(r)} ﬁq(r)]

Ollp(r™), [7(r), p(r)]II0) = 2[p(r',r")Vo(r —7)-Vé(r — ") = Vp(r,v")-6(r" —r")Vi(r —17)]
0= (0l[a(r"), [p(r), p(r")]}|0)

~
(@]
>
—
%\
=
<
b)
—~
E
b>
=
—t
=
~—
|
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By using these relations, one can the double commutator relations

O [#. frue £ ) = [ar> [ +ngp<>+2B4pq<r>} ) (V1)

- /drz[ S| w0y
where an 1-body isoscalar-type operator Fis given by

F= [arfn) Y e, = [ drrso)
q
( On the other hand, isovector-type operator is )

— [ar Y im)itr)

Note that, by replacing f(r) with f,(r), one can get the double commutator relation for the isovector-type
operator.

B.2.2 Residual interaction Hamiltonian with Skyrme interaction

If one keeps same terms with the previous subsection, the resdual hamiltonian is given by

hy = /dr By {plr)7(r) - }+B4{qu 2(r)H
—/dr
/dr

where the current density operator can be defined as

BsVp(r)Vp(r +ZBGVPq )Vﬁq(r)]

Blp Z szq

j() = o (6T )V(r) — T ()

To calculate the double commutator relation, one prepares the commutator relations for each operators.

(
#r),p(r')] = Va(r — ') (V9 (r)i(r') — 91 () V()
(3, 56)] = 52 (V60 = #/) (6 (r)p(r') + 47 () (r)) = o = ') (1 () V() + W (r)os(o))]

Further here one calculates the double commutator relation for the non-zero commutator relations.

"), ) AN = Vo(r =) [Valr = o) (7 () + 6T (7)o r))
—5(r' = ") (VOl (r)u(r") + of () V() |
[, [3m o] ] = 5[5 = ) {5 — 2 (01 ) Vtr) — Tt )(r”)
Vo =) (") = v ) §

And if one uses the relation as following,
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[A,[BC,D]] = [A,B][C, D]+ BI[A,|[C,D]]| + [A,[B,D]]C + [B, D] [A, C]
one can get

O [p(r"), [p(r) 7 (r), p(r")]] [0) Olp(r) [p(r"), [#(r), p(r")]]10)

2Vo(r —r")Vo(r — ") (p(r)p(r', ") — p(r,v")p(r", 7))
—6(r" —r")Va(r — ') 2p(r)Vp(r,r") = p(r,7")Vp(r))

Ol o), [ 060] 10y = 0 3)- [, [i). 0] + [0, [3), 5] 5)
= i), 56 (), 5] = [3), )] [ ), )] F1o)
= [Vo(r = #)-Vo(r ") (plr, " )p(r,7") = p(r)plr’, 7))
SV 6 — )5 — ) o' 1) V()
—5(r —")Vo(r — 1)

x(20(r, 7V p(r,v") = plr, ")V p(r, 7))
—d(r —r")Vo(r —r")

x (20(r,7")Vplr, ) = plr, ) Fp(r, 7)) |

where

O[5 5] (5, p] 10 = =5 [V =)V =) (plr, 7)o, 7") = p(r)p(r', 7))
+or =)0 =) (37000 = pr)e(r))
—8(r —r")\Vé(r —r')

< (o, #)Vplr, 1) — S (s, )V plr)

+p(r, ) Vp(r,r") = p(r, ")V p(r, 7))

< (ol 7"\ Vplr,7') — Lol 7' V()
+p(r,v")Vp(r,r') = p(r,7)Vp(r,r") )|

= O[5 5)]-[3 ), o)] 10)

003 [ptr). [t ]] o) = 5 [atr = 98007 =) (7(r)otr) — 1701 |

=l [pr"), [3(r), 6] |- (r)0)

Then one can get the result

[ Jarar s o115, e, pe o)) = 0
[ Jarar a0 o 3000 ]| 0010 = ) (o)t = § (Tt

~2

[ farar sa01 o6, ot r) = 300,50 | 00 07) = £200) (5 (ot = ptrye(o)
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Appendix C

Matrix element of the operator in
the spherical symmetry

C.1 Spherical harmonics case
Scalar operator includes the Spherical harminics can be expressed as
Q(r) = Qr(r)YrLu(?)

Matrix element of this operator can be obtained by the Wigner-Eckart theorem,

(n'U'§'m’|Qnljm) Z/d?“(ﬁfwz/jfm/(TU)QL(T)YLM(f“)%zjm(?“a)

= (D D)@ [ [ g )]

In the case that Q(r) is the deribative operator for a radial coordinate, Q(r) operates only in [...].
= A= 192 _t/2

For example, in the case of lapracian i.e. Qr(r) =52l — T
r r

(;s;kl, ‘5’ (7”) ¢n (
/rzdr[ l; A li T)] = /err 9,2 2

— /dr [¢:‘L,l/j,(r) <88:2 - l(l;l)) (bnlj(r)}

The complex conjugate of this can be expressed as

Dy (1) <1 o ﬁ) ¢nlj<r>]

(nljm|Q*[nl'j'm’) = Z/d’"(ﬁfnjm(TU)QL(T)YZM(f“)QSn/z’j'm/(7"0’)
= (_)]WZ/dr¢2lj7rl(rU)QL(T)YL—M(%)QSH’Z/]"M’(TU)

_ (oyimmen ( J L ) <lj||YL||l/j/>/7~2dr [qﬁlli(r)QL(T)%/IZI(T)}

-m —-M m

= (L 3 )y [ a0 g, )]

—-m r

where we used the 3-j symbol’s property, —m’ + M +m = 0, and M is integer.

(_)j*m+M — (_)jfme _ (_)jfm

Now we calculates the quantity
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SN0 (mlim|Q /15 m Y (U ' m!|Q|nljm)
nljm n’l’'j'm/’

o L\, o .
=3 Y oy ( U ) Y LT Y Ll 5

-m" M m
nljmn’l’'j'm’

x / r'2dr’[ :Lli/(r/)QL(T/)gbn/l;j; (r/)] / r2dr {WQL(@W]

lJIIYLlll' G Y L)

IO

nlj n'l’'j’

y /radw [Q”ﬂ-;;f’" 2202 [ gy [Bers 0 gy 2]

where we used

(_)Qm _ (_)le(_)il -1

(P = (P =l (Y T = ()
then

(=) = (2 = (2

And also

(2 ) -
-m" M m T oL +1

mm’

C.2 Matrix elements of the tensor operators

A matrix element is given by

WmilYeaeltm) = [ 7Y )Yias (7)Yim ()

L+ D@ +1) 0 0 R
= \/ ol D) (LO : I0|I'0) (LM : lmy|l'my)

(_)ml\/(2L+1)(214J;1)(2l'+1) <§ é g)(z\z nzu

on the other hand, Wigner-Eckart’s theorem gives

UL
ofYuadim) = (= () vl
where (|| ---||) means a reduced matrix element. Then one can get

vy = <)l'\/@“”(”;”(”'“)(ﬁ 0 0)

and using the relation

. . Y 1. 1. 1 oL )
il = Creinier s L3 e e
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From the property of the 6j, 3j symbol,

} ( g (l) ) ) = (=) (14 (=) )

0 VERL+ )20+ 1)20 +1)

—N
—
N
S~

(71/2;5" = 1/2|L0))

one can get

vl = (P (1 ) JEEDETED o o
— (_)j—j/-i-L (1 + (_)L-i-l-i—l') \/(2j—|—11)6(7?_ll—~_1)<j1/2§l/0|j11/2>

C.2.1 V and angular momentum

The goal is the derivation of

(U'5'1Y a-VI|i7)

by using
.0 rxL
V = TE —1 7“2
C.2.2 <l’m'|YL,\MV|lm>
L
<l’m’|YL)\M-V|lm /d’l”Yl/m YL)\M( ) (’r‘aa’r —Zr:;) Yim(’f*)

= | [V O iasr )11 0)]| - | [V (0O (7 ¢ i 7)

where one can apply basic formulae to underline parts

P (F) = — > (10:10[70)Y pym (7) (Rose p122 (6.52))
n=l+1
S e L TN L S (Edmonds p84 (5.9.16))
= A+ 1 U+1m\T A+ 1 U—1m\T monas p -
i# % LY (7) = [61(1+ 1)1+ 1)]* Y (10 10[70)W (i1l : 10)Y g (7) (Rose p123 (6.39))
n=lx1
W (in11 : 11) is the Racah coefficient

I+1 R Loye 5
_l |:2l_|_1:| Y”+1m(r) — (l + ].) |:2l—|—1:| Yllflm("')

Then one can get the result

1+1177

WU/ [Y pang-V]im) = [ a— } { / Y5, (F)Y paae (7 )Yu+1m(f>} <§rl)

r

[ l+ } [/drYl, )Y (P )~Y”_1m(,,z)] (;+lt1>

One can give the explicit expression of [ [ Y}, (*)Y Lans(#)-Y ()] by using the definition of Y as

47
o D N L 1 L 1 U
0 0 O " X1 M m —m
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From the Wigner-Eckart’s theorem,

(U L1
{Um/ Y panr-Vim) = (=)' (_m/ M m)<l/|YLA'V|l>

one can get (I'||Y-V||I).

(7)“1 [(21’ + 1)(2L47JTr DX+ 1)} z

g (53 G015 (@
et (5 3 A5 L UHE-Y)

Ly [(21' + 1)(2L47—T|— 1)(2) + 1)} 3

L | D | o I+1
X{[(2l_1)l]2<0 0 0 ){1 I L }(ar+ r)
X I+1 X 1+1 ﬁ_f}
0 0 0 1 1 L or r
Applying the properties of the 3-j symbol and 6-j symbol, underline parts can be re-written as

P | UV x 1-1
[<2l_1)”2<0 0 0 >{1 I L
_ _ : _\I+L U1 L
— - oz ()

1
1)1
Pl L\(1 AL
L1
+) (ooo)(ooo

YAVl =

N

[

—[(20+3)(l + 1)]

1
- \/2(2L+1)(2)\+1)
BL—X+1DI(l+1) (" 1 L Lo by [AFL+1) [0
{\/ e e I R R e
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{

e (535113
e zo (o 5 (00 ) (L 1Y)
(400 ) (1)

1
- \/2(21: T2+ 1)

I(+1)BL=X+1) [ 1" 1 L LI A+ L+1) 1’
1)
><{\/ (20+1) 01 -1 )t (t+ @+ 0

Then one can get

Oh
H/—/

(I"1Y £A-VI[T)
_ o [@F+1) 2
= (e | B
BL-A+DIl+1) (1 | L Ly JOTLAD) (7 1L 41
X{[\/ @10 <0 1 —1>+( Jrr ()R Noary < 0) r+ r>
z

|+ nBL-x+Y) (v 1L (H ) A+L+1) [V L
(20+1) 0 1 -1 C@2l+1) 0

= ()" [(21+18>7§21+1>]

1 ! L ! L 1
x{( VEL () OHLAD N L+ 1) (g é )+\/z +1)(3L — >\+1)<% i )]

Next one can apply below formulae

15 oo o) m e e (04 ) (A0 ) L)
O
VRL+1)(2j +1)(25 + 1)
(= )i+’ (1+(_)L+l+l'> 1
VRL+ DRI+ )2 +1) "2

PRy o (A4 (A
J - -2 3 -2 -2 2 2 =
rojo3 R i i L
ey ( 2 ) ( %
o3 )\ 1 1)
1

V2L +1)(25 + )20+ 1)(2U + 1)

, 1,1 1 ) 1,3 , 1
X{(—)l+l+1\/21—J+2<J233/2L1>+(—)jﬂ+1\/33—25+2@231/—2L1>

where

11,1 f o [+ 111 R EE
Fo: == =) = (=) 7'+ 2 10: Z2]52) = ()it 2
0 goli'gr =1 gy W0 g5ligh = (073 5

}



1 1,1 A—j+1 11,.3 1 [3j—20+1
I1:=—=j=)=/—2—2  (1:==|j= ST RS R e i)
(5 =35lig) \ "2+ (I 55lig) =" =5

C.2.3 Summary

Then one can get (I'j'||Y - V||l5)

Fy

L)
Gl’j/lj

UFNY AV = (=) (25 4 1)5 (25 +1)3

0 1
= ‘F‘l’ /lja +Gl/ ’l]

—
—=
<
o=

} WY 2r- V110

(= )it3 (2 )BOFLH) [(21’ + 120+ 1)(27 +1)(25' +1) } \/m{ J; ?

o=
—
7 N
[=E

_j_l_lQHﬁU(%44,@+1 A+L+1 4_1L0
O R e 7~ 21L0)

(i) [(2j+1)(2j’+18)7£21’ )2 + 1) }

joren [+ 1))+ DEBL=A+1)
=) 167(2L + 1)

J*Ml

x{(—)“’+1 21— )45+ 505

Symmetry of these coefficients

VIO +1) 3L—)\+1){ J

2" + 1)(25 + 1)

_ j— 3 T(O+L+1 (
N Rl e

= (V)

= (IR,

(2L +1)

C.2.4 Application

The porpose of this section is to derive

Lo NIOLA1) {(23'/ +1)(25 +1)

-/ l/

o=
——
7 N
[
— e~

l

1
J+]+1 —l '/—le
\/ 20 +J+2 2J 2|>}

] va+L+J 1 j_} L0}
ap 5!
] \/m % 0

U7V YA £ Y10 Vi),

by using (I'j'||Y px-V||lj) shown in the previous section.
Starting point is

|V Y pallim) = (Gm|Y i VU
= (D)Mm|Y paoa- V|U§'m')*

= e
= e

j L i . .
2 A N )iy S
i’ L ] . .

o )y

Next one spplies the Wigner-Eckart’s theorem to the right hand side,

-/

L

WY et = (-7 (2T WISV sl
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Then one can get

PNV Yy = ()Y -V
o N | ) 1
= (—)'7 J |:Fljl’] a +Gljl/j/r:| Fl' /lja ( )J ]Glﬂ' ’T’

Finally,

= —
. . 0 . 1 0 1
<ZIJ/H(v'YLA iYL/\'v)HlJ)a <Fl g, + (=) GzLjE\'j'T> (Fz' i gy GlLf}\'le>

9 .9 i 1
F j'lj E :t E + (( ) Gljl/ i :l:Gl/ ,l]> ;

(Y Gl

jrr-i [(27+1)(27 + D)2V +1)(20 + 1 — 11 LT
= (=)** { o } VI +1)(3L - /\+1){27/ ) L}(o 1 1)
oy et {5 L)(1 ) 4)
:QﬁﬁHﬁg[@j+n@f+U@V+D@L+U@L—A+U}é
8

j/ l/ % ll l L B jl l/
X[L@+n{l i3 00 0 W0y

tsparn DL+ DBL—A+1)
_ (_)2(3L+1 A)\/ Lo Fl’ i — ( )L+l+l GL i

o=
——
7N
o =
— e~
|

o &
~~

_ (L)}6Er-Y {SL —2)\4—1} FR — (- YL GEN,
Therefore
(7 Gy Gy = (RN BEEREL R (s G,
= K,
Symmetry of K l(,i,)l?/\
Kz(]iw)Lf/\ = (=Y 7G6h ar Gl]l’ = (=) (( )i =7 Gl]l’ £ Gl 'zg)

+)LA
= (- )J J Kz(/ ’)lj

C.2.5 Matrix element of (I'j'||V-Y.V||lj)

(+U+1)m+1+1)
! n%w;ﬂ 4020+ 1)(20' + 1)

< (=3t / 08 (¥ 51y () Ve (B)Y g, ()]

3 —
( 9 +(_)é(n’—l’—1)?)l/_77/"|'1> <8+(_)5(n—l—1)3l—77+1>

X

&

2r or 2r

where
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) it [ GLADELE DR+ 120+ V(2 +1 3
[ @ Y@ Vs 0¥ )] = it N G D)
Uk
0

><L n U 1 L U 1 L
0 0 n n 1 -m; my M

On the other hand, Wigner-Eckart’s theorem gives

SO R Ll (R S K\ S

m; M
' I I L

_\L+l-m / .

(e ) OIS
Therefore one can get the result

Ly T4+ D) (n+I+1)R2L+1)(2n+1)(29 + 1)

/ Y _ (AL (n
CIV-YLVID = () > > o

n=lt1n/=l'+1

iy (Lo N UL
x(=)? (000>{nn’1
«—
9yt
or 2r

Using 3j,6j symbol’s properties, one can get the relation

(D) - ol DG
(1+()L+n+nl>(§ i —ll1><—1 %l g)(i —l1 g)}

0 ) (=)' =400 (W +U+1)m+1+1)
U +1)27 +1)(2L+1)(2n + 1)

n+n’ L 1 7 B =n+1)@Bl=n+1)
+(1+(—)L+ * ) ( 0 1 -1 )\/2(2z/+1)(2n/+1)(21+1)(2n+1)

X

I
N =
| —— |
7N
o~
O ~
o

Then

1 2L +1
/ . _ L+l7
VIV 8\/ 0+ 1)20 +1) > 2

n=l+1n/=l'+1

x[( g (l) (; )(—)l'+l(n’+l’+1)(n+l+1)

N(LE LT Yt +0y, |GV =1+ DEL—n+ )0+ + 1) (n+1+1)
—) bt SO )
o) (41 Loy ;
5 —
(2 4 (oyper-r-n3=n'+1 9 | (yem-n3izntl
or 2r or 2r

For any n(=1+1),n (=1 £ 1), under line part of above becomes

\/(35’—7l’+ DEIL—n+ D0+ +1)(n+1+1)

5 =8I+ DI +1)

And by expanding summation above,
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IV YLV
1 2L+1

ety >y
s\ r@+ D@ +1) 22, 2

x[( g (l) g )(—)l'+l(n’+l’+1)(77+l+1)

+(1+( )L+l+l') < L v )(_)é(n+l+n’+l’)\/gl(l+1)1,(l,+1)}

0 1 -1
— —
9 (yp—rn 3 9 | (yemen3intl
or 2r or 2r

+
2L + 1
I+ 12 +1)

|: L U (Z/ +1)(1+1) - 6L+l+l L 1 7 \/Ql(l Sy 1)} E N 7/ E) . £
0O 0 O =even 0 1 -1 o . o .
+{ L 1V (l/ + ) 5L+l+l/ L 1 & \/21(1 T 1)[,([/ + 1):| E + K E _ l+1
0 0 0 Ll B 2.t oot
LU0 Y gy (B L0 NI
(¢ 0o )rarvram (1 1) vamowED) (5 - )| (54
L v L (LU — D U+1 T 141
+ |:< 0 0 0 ) 5fe'uen 0 1 -1 \/QZ(Z -+ 1)l (l —+ 1) 5 — " E _ .

RN 2L +1
=) Ar(20 + 1)(20' + 1)

/ , 1
ﬁ é lo>(l’+1)(l+1) S (g i _ll>\/2l(l+1)l/(l/+1)]

+ 0=+

7T T, 0T 0
ordr Orr ror 1r?

(L 1T (L1 P9 9u+1 19 Ui+l
4 oL Lt A0+ DIV + )| | 5= e i
Jr. 0 0 0>( DL+ 0 uen 0 1 -1 \/ (+1)rr+ )} oror or r +r87“ ror
(L1 99 9l Ur+19 1('+1)
(14 1) 4 6LFH AV + DT + 1| | =—=— + == —
(5 0 o )ranon 01_1\/<+><+>}M oL te1lo s

00 T+l U419 (41 +1)

ordr Or r r Or r2

L1 UN\NOd (L1 U \JAl+)r+1)
000 )arar 0 1 -1 2

(
(
(é/ [
(

Lo Ly (L1 w
0 0 O)zz—a_mm 01 NOIEAESY

_ (_)l\/(QL + 1)(22: 1)(20 + 1)

Thus finally, one could get the result

<l/||v~YLv)|l>:(—)l\/(2L+1)(21:1: 1)(2l+1) U );;_ ( g l _lll ) \/21(l+1)l’(l’+1)

l
0 0 r2

(5
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Appendix D

3j and 6j symbol

D.1 Clebsch-Gordan coefficient and 3j-symbol

The definition of the relation between clebsch-gordan coefficient and 3j-symbol is given by

O R N LTI
( mll m22 W; ) = W(Jlml : Jama|jz — m3)

D.1.1 Symmetry property
Clebsch-Gordan’s coefficients have important properties
(Juma : jamno|jama) = (=) 275 (G —my ¢z — mojs — ma)
and
= (=) (jamy ¢ jima|jsms)

2j3+1

(dima @ jamel|jsms)
1/2

= (=) m jimy : j3 —mgljo —m
( ) <2j2+1) <]1 1:J3 3|]2 2>

. 1/2
s (29341 . ) )

— _\J2tm2 _ . _
(=) (2j1 +1> (js — mg : jamalj1 — m1)

These properties can be expressed by 3j-symbol’s language

JvoJ2 s = (=)htimis=2ms J1 J2 J3
mq meo ms —mq —Mo —ms
= (o)irtiatis J1 Jo J3
—myp —m2 —Mm3

Note that when js is integer, ms is also integer. Then (—)7/8 = (—)% and (—)?"s = 1.
And also when j3 is half-integer, ms is also half-integer. Then (—)~2™3 = —1 and (—)~7~! = (-)%. So
in both case, j3 is integer or half-integer,
(_)j1+j2—j3—2m3 — (_)j1+j2+j3

Also 2nd properties of CG coef. can be expressed as

J1 J2 0 Js — (o) Je g1 Js
mi Mo M3 mg M3 M3
_ (_)_jl_jZ_jS J1 J3 J2

myp m3 M2

_ (_)—jl—jz—j3 ( J3 J2 J

m3 Mm2 My
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In addition, the desired recursion relation for the C.G. coef.

V(s Fma)(js £ ms + 1) (jima 1 jama|jzms + 1)
=/ (1 Fm1+ 1)1 £my)Gima F 1 jamaljzms) + /(2 F ma + 1)(j2 £ ma)(jima : joms F 1|jzms)

In the 3j-symbol’s language, this relation can be expressed as

- . Ji J2 J3
\/(j?’ T+ 1)(‘]3 :I:mg) ( my me m3zF1 )

=\/(j1¥m1+1)(j1im1)< 1 J2 U8 >+\/(j2$m2+1)(j2imz)(‘h mjicl 7?133)

my F 1 me M3 mi
If one puts j1 =1',m1 = 0,j2 = ,mgy = 0,53 = L, m3 = —1, and takes lower sign, then one can get
U 1 L _ T ' 1 L [
L(L+1)(O 0 0) = l(l+1)<1 0 1>+ l(l+1)<0 1 1)

D.2 Racah coefficient and 6j-symbol

Racah coeflicient and 6j-symbol can be related as

{ ?1 ,;2 53 } = (=)rtithtle o 1o 1 s, lo) Edmonds p97 (6.2.13)
1 b2 U3

memeo....

[61(1+ 1)(20 + 1)]/% (10 : 10|n0)W (In11 : 11)

@y (b o)
=F¥“mm+nuu4wﬂ¢%+1<éé 8){;} 2}

=6l + D)@+ Y

m1=—1,0,+1
N 1 11 1 1 I
0 mi —my —my 0 mq mq —ma 0
=6l + )2+ 1)) /2n+ 1

X{z((l) i —11>

:_\/Z(l+1)(3l—n+1) (n=1+1)  —l/5%
2(20+1) (m=1-1) —(+1)\/55
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Appendix E

Useful formulas

E.1 Reduced matrix element (!'||Y.||l)

<l/m/|YLM\lm> == /d’f“Y;km/(f)YLA[(’f‘)}/lm(’f”)

_ 2L+ 1)(214+1) ] , . ;.
= \/47r(21’+1)<L0'l0|l 0)(LM :Im|l'm")

e JQLEDQ@I+ DU+ (L 1!
= (_) \/ ( 0 0)
l
0

47 0
_ (_)m/\/(2L+ DEL+1)2 +1) ( L

47 0

Wigner-Eckart’s theorem is given by
- U L 1
N O i (R R AT

—m

Threfore

A gy BN CTEY (¢60)

E.2 Reduced matrix element including the spherical harmonics

Next one calculates this value

[ Y by 0 Yiaa ()Y 1 5

Here the vector-spherical harmonics is defined as

Ylnml ('f') = Z <77mn : 1Q|lml>ynmn (ffi)eq

My,q

. 11 )
= (=)t Z ( T:Zn ¢ —m )Ynmn(r)eq

my,q

Therefore
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/dT‘Yl/ 'm YLM( )Ylnml (/’An)

20+ 1) + 1)(—)l+mz+l/+mw

) 9 S (AR | QU R ) £ e

m/mT,

(2[ + 1)(21/ + 1)(_)l+mz+l +my
/

/A n 1 1 n L 7 )
77+m' "Ny
ORI (O | (S | GG T

myr my

(20 + 1) (20" + 1)(_)l+mz+l +ml/(_)L+l+l/(_)—n—1

I 1 n L 1 l
m,, 40’1+ My —M 7 n ] n n /
D) SEEHE I (D | A o | G [T

m/mT,

(=)™t = (=) = (=)™ (3j-symbol’s property)
20+ 1)(20 + 1)(—)! T (=) L+

I 1 ! L ! 1 l
7]+77+1+q My =Myt n n n n /
OHNIC (e (- ol

my,r my

/ / U L 1 U L 1
7 Uty \LALFL
R G R A (N AR R S

s et G RO VST (R

E.3  (I'n/|Y pag-#im)

E.3.1 The simplest way

™Y oM
= Z (Amy : 1g|LM)#Y )y, €4

mx,q
1

1
A+1\? A \?
- Z“m”q'm{‘(zx“) Vaseim + (5757 Y’"}

mx,q

= Z (Amiy : 1q|LM)(=)4

mx,q

1

1
A+1)\?2 A 3
B (2)\ T 1) Z/<)‘+ Lm0 1= qAma)Yagrmg + <2>\+ 1) ZO\ —1,m} 1 1—q[Amx)Ya 1 my
my

m

A

= Z (Amy : 1g|LM)

mx,q
A+1
22+ 3
A
A+1)? A \?
= Z: ((2)\_’_3) dr=r-16 ;=MYA+1,m; - (2)\_1> 5)\:L+15m M- 1,m/, )
my

L %5 L+1 %5
oL +1) "Mt \op 1) “AEH

[N

A 3
Z()\7 —my:1—q/XA+ 1,m’A>YA+1,m/A - (2/\1> Z()\, —my:1—gqlA— 1,1713\))”}_1,,”/A
my

m

Y
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Therefore one can get

(l’m’|YL>\M-1A“|lm> = /d’fq/ﬁm/YL)\]w"lA“lem

= [ / df«ygm-yzwy,m,}

1 1
L 2 L+1)\2 ,
<2L—|—1> Or=r-1— <2L+1> 5>\_L+1‘| (I'm/|Yrar|lm)

E.3.2 Somewhat complicated way

On the other hand, one can calculate by another way. This way is rather complicated, but one can prove
this way is equivalent with the previous way as follows.

(l’m’|YL>\M 7A“|lm>
dirYy Y a7 Yim

1 1
- I+1\°? l 2
/drY}/m/YL,\M'{ <2l+1> Yirim + (21—1—1) Yzzm}

B (_)m+M[(21+1)(2l’+1215TQL+1)(2)\+1)]5(_17;/ z\L4 7;)

R O [ E A N [l

v
L1
0 0 0

[(z+1)(21+3)(2A+1)]5<z' 3 l—i—l){l’ A l—i—l}

A l-1
L

L]
N
S 2
S >

~
(=

—_
N———
—
_

= <l’m’|YLM\lm>

20+ 1 1 1 L
@ -DEAD]E N =1 N[ A I-1
20+ 1 00 o0 11 L

1 1
L \? L+1\? .
<2L+1) Or=L—1 (2L n 1) 5A_L+11 (I'm/|Ypar|lm)

1
1 AN+L+1)]2
Sl sl b R

where

{(z+1)(21+3)(2x+1)r(1/ A l+1){l’ A l+1}

20+ 1 00 0 1 1 L
LI () I+ )BL-A+ )PV 1 L
- 2 20+ 1 2(2L + 1) 0 1 -1

+(*)%(A+3L+1>l+1 A+L+D)> (17 1L
20+1 | 2(2L+1) 0
=D +D)]E (0 A =1\ [ A -1
20+ 1 00 0 11 L
LI I+ )BL-A+ )PV 1 L
- 2 20+ 1 2(2L + 1) 01 -1

_(—)BOsLA ! A+L+D)]2/ 0V 1 L
20 +1| 2L +1)
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E.4  (I'm/|Y pa-i# x L|im)

<l'm'|YL)\M~if° X L\lm)

/df‘}/ﬁm/YL,\]\/['iT' >2 LYlm

/ dmfm,YMM-{—z <

[+1
20+1

1
2
> Yll+1m - (l + 1) (

l

21+1

%
> Yi_im

(e QI+ D)+ D)L DA+ D2/ 1 L 1
B 4 -m' M m
. C+D)@A+3)]2 1 A 1+1\ [ A 1+1
20+ 1 00 0 11 L
2-D12 (1 A 1-1 rox -1
+<l+1)[2z+1] (0 0 0 ){1 I L }]
1
= <l’m’|YLM\lm>W
0 0 0
. C+D)@A+3A+DIE (7 A I+1\ [V A 141
20+ 1 00 0 11 L
-1 A+ A -1\ [ A -1
+(l+1)[ 011 00 0 11 L
'l L
_ e (ML A1) Z(ZH)(O ! —1><z/ '|Vealim)
- 2 22L + 1) UL L
00 0
where
, (+D)@A+3)A+DE (0 A I+1\ [ A 141
20+ 1 00 0 11 L
()R [+ )BL-A+ )] 1L
B 2 20 + 1 2(2L + 1) 0 1 -1
_’_(_)%(/\+3L+1)l(l+1) A+L+D)2 (1 1L
20+ 1 | 2L +1) 00 0
(=D D)2 A -1\ [ A -1
(+1) 0+ 1 00 0 11 L
1+ ()2 01 [0+ D)BL- A+ D12/ 1 1 L
B 2 20 + 1 2(2L + 1) 0 1 -1
_(_)%(/\+3L+1)l(l+1) A+L+D)2 (1 1L
20+ 1 | 22L +1) 00 0
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Next one thinks the inverce term

I'm/|it x T-Y papllm) = (Im|Y 508 x L|I'm/)*

= (D)MUm|Y pr_p-ie x L|U'm’)*

L )
-1
(Im|Y_p|[U'm/)*

L
i
a L+ () [3L—)\+1]2 Z(ZH)(o 1

- (M

2(2L + 1) ' L 1
000
I I L
(]!
14 ()M LA +1] l(l“)(o 1 1><
B 2 2(2L +1) U L 1
000
L ()R T3 A+ 1] 1
- 2 2(2L + 1) I L1
00 0

x{ L(L+1)<é ; g) z(z+1)<g

I L

5] e

%
:| <l'm/\YLM|lm> — (l/mllyL)\]W'i’lA“ X L|lm>

) :| (l'm’|YLM \lm)

l’m’|YLM|lm>

1A ()M T4 1)(BL — A+ 1)
= D) 2(2L + 1)
Therefore
. R T A R AP e
('m'lit x L-Y paxy + Y pan-iv X L|lm) = 2 2(2L + 1)
(I'm’|it x T-Y paar — Y pang-id x L|im)
14 (=)SHH TL(L+1)(30 — A+ 1)1 i
-8 [ ( 2(2(“1) )} (' |Yeaaltm) — 20m![Y s i x Lfim)
' 1 L
('m/|Y paag-if x Lllm) = 14 ()M 130 = A 41 l(Hl)(O ! ‘1><
m Y Lan i m) = 2 2(2L+1) ' L 1
0 0 O
_ _1+(_)L+l+l/ 3L—A+1 % l(l 1)%
= 2 2(2L + 1) (10 : I0[LO)
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E.5 The derivation of (I'm/|V Y.,/ V|im)

(l'm'|7A"-YLM'f“|lm>

. '+1 U ER.
= /d’l" <_ |:2l/—|— 1:| l’l’+1m/ + |:2l/—|—1:| Yl’l’—lm’)
1
l+11]2 l 2
Y — = Yu+im — | Yu-im
LM( [ﬂ—i—l} Utim + {ZH-I] -1 )

, roq 3
nzl;l n/zl;il 3(n—l+n"=1")+1 [(772;;1’:11))2(7(727—&1- —f)l)} /d’f’sz/n/m/YLMYlnm
_ o {2L+1r ( A >
2 A -m' M m
_(L l l’)( +U'+1)(n+1+1)
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n=l£1n'=l'£1

Lyt L O L
2 0 1 —1 ) [202 +1)2(20+1)

(W[@Luxi:nm+nr<_% z é)(éé g)mmhmm>

(I'm |7 Y pid x i|zm>
I+1 . roE
Jor (- [552] Yivns [] ien)

1+11]2 Rk
You |1~ v U+ | ——| Yy
LM( l[ ] lg1m — ([ + ){21—&—1} -1 )

20+1

T i VB =+ D+ +1)

> Y- 2 KCasteemy

n=l+£1n'=l'£1
=0

Il
U
<>
~
|—\|
+
—
[ I
Wl
|-<
< ¥
T
=
S\
+
—
+ <
—
—
N
=
=
3
N——

1+172 RE:
Yo <l [QZH] Yiiim+({+1) {21“} Ylllm)

3r—n+n@n—H4J<w+w+mm+l+n% o
Y, Yo Yinm
2020 + 1)2(20 + 1) /dr Ut SLME b

() [t

> o3

n=l+1n/=l'+1
(—)m'+1 [2L+1}

2 47
v 1/
E E s =U'+n=10)
X [( 0 0 (—)z\n T2\ U (U + DI+ 1)

n=l+1n'='+1

14 (=)Lt ( L 1 U >(3l’—77’+1)(377—l+1)

+ 2 01 -1 2

e e I G NS

— (_)m/+1 [(
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where

)

Hlror 411t/ ¢ L
47 -m' M m

l/

0

Ak
/ drYl/T]/Tn/YLJ\/IYl"]m -

ol

o~ N3
O ~

) QRO G T T 1)

_1/1 > VB =7 +1)Bl-n+1)

_|_

1+(_)L+l+l/ L 1
2 0 1

and
Bl—n+1)(n+1+1)=41+1) becausen =1+ 1

Therefore

Um/|V Yo Viim) = ('m/ (f'? i (_> Yium (fﬁ X f) |im)
r

r or r
9 . . 1
= (U |Yiallm) o= o (i T -Ypuif x I>|zm>72

E.5.1 Reduced matrix element of (I'm/|ir x L-Yy i x L|lm)

(I'm|i# x T-Yppie x L|lm)

/ ! 3 ! N LI
(o [EDEA DR DN Y gy O

From the Wigner-Eckart’s theorem, one can get

('|i# x T-Yri# x T||l)

, / 3 N LA+
== {QLH)(?Z: 1)(2l+1)] ((ESVICESULEESS it 2) (

ot~
— e~
|~
=
N———

L-J coupling

Using an useful formula for I-j coupling,

. , 1 1 -/ !/
(W'l = (=) +L+1/2<2j’+1)2(2j+1>2{jz ly 122}

then one can obtain

('§'||it x T-Yri# x L||lj)

2L 4+ 1)(20 + 1)(%;: (20 +1)(2) + 1)] ? 0+ DI+ 1)]2

ARV L1
I j L 01 -1

1+ (7)L+l+l’

— (!
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., 1
(U'§'|li# x T-Yiit x L||lj) = (=) +L+1/2§ [

I+ D)W +1)]2 14 (=) B
47 2

X [\/(41/ — 25/ +1)(41 — 25 + 1)(§’, —1/2 : §,1/2|L0)

(=) J(65 — 4l + 1) (65 — 41 + 1)(j', —3/2 : §,3/2|L0)

where

7N
= 2
[
le
D00 =

7o I

R

1 (A — 2§ +1)(4l — 25 + 1) (j’ j
- o 2lVeir+rner+nei+nei+1y \ -1 4

vy [ (6 =AU 4 1)(65 — 41+ 1) i L
HOWTE \/<2j/+1><2z'+1><2j+1><21+1>(— 1 5)

N[ 0| =

NjWwS
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2
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(—)i'=i (4l — 25" +1)(4l — 2§ + 1)
2 (27" + 1) (2 + 1)(27 + 1) (2 +1)(2L + 1)

e (65 — Al +1)(6j — 4l +1) § y
) \/(23'/ D@ T+ D@ s eI Y T 7’3/2|L0>]

62



E.6 Summary

(l'm'|YLM\lm>

<l'm'|YL)\Mof'|lm> =

<l/m/|YL)\]y[‘Z"f‘ X f|lm>

L+1
2L +1

1+ (_1>L+l+l/
2
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<l’m'|z’f‘ X T’YL)\]\/[|lm>
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If one uses an useful formula,

. 7 . . /
WITLIN) = (P20 4 1 4 142 { by

<
N

and also uses the Wigner-Eckart’s formula, then one can get

W'Y Y o+ Yir-VI|1j)

— —
0 — — 1
o 7. A . v v Y IT . . 3 i . -
= TNY Larlllg) | 5o+ 5| + [UJ li# x L-Y pal[lj) + (U'°|[Y pa-ir < L||lj>} "
— — 1
8 L 2 1
. 1t g1 3 o L
a=r-0: (5 e |2+ 2 w0 (gry) €I,
- L+1 R L+1)® 1
L+1 YLl | =+ £~ YL =
(A\=L+1): (QLH) WLl |5+ g | =2 (57 ALl

UF'NV Y pn = Y 1a- V1))

= -
. | O . . % A1
= (U5'|[Y -7 1) [(% — 5|+ [W5llie x DY nalllg) = 7Y wavi x Zl))

3 5 7
L1 (greg) I |5 8]

L ! -l
- <L“><2L+1) s
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(L+1\? [ 7
A=L+1): - ( (3"YLl|Lg) [ o

—_

20U 4'|1Y pa-ir X L|[Ij)|x=1_1 -

or

S|

WFYLlig) + 25 [Y a-if x L||lj>|>\—L+1‘|

where

NLHI+U 5 :
UYLy = (=) +E=1/2 (H( 2) M )\/(2] +14)7$2]H)<jl/2:j’—1/2|Lo>

{U'3'IY La-it x LI|Lf)

’ 1 1
, 14 (=1)EHH [ (1+1) \/(2j’+1)(2j+1) L+1)\? L \?
—(_ j+L+1/2 S S
(=) 2 2(2j + 1) At sr+1) A=t \opy) M=rm
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Appendix F

Feynman diagram and Feynman rule

F.1 Feynman rule in the Relativistic formalism

The feynman rule is defined so as to express S-matrix graphically. S-matrix is given by

S = (f] Z S 4) S . n-th order S-matrix in perturbation theory.
n=0
st = (;3 T [/ d*z; - -/d4x” {Hi(z1) -+ Hi(zn)}

where Hj(= L) is interaction Hamiltonian.(equal to the interaction Lagrangian.) S-matrix is the
value which is related to the differential cross section(Exercise (I)). Interaction Hamiltonian depends on
the kinds of field, for example, the interaction Hamiltonian of electro-magnetic field is given by

Hi(z) = ieN [(@)y" () Au(x)]

where v is the Dirac spinor field operator and A,, is the vector field operator of the electro-magnetic
field. Both ¢ and A, can be expressed by a creation and an anihilation operators of fermion (anti-fermion)
and photon respectively.

Px) = Y / dtp [cs(p)us(p)e™ P + dl(p)vs (p)e "] = ¢ (z) + ¢~ (2)

p=N
&
I

> / @ [P () + d, ()5, (p)e ] = § (2) + ¥ (@)

S

Au) = > / d'k [€ha(k)e ™ + hal (k)et ] = Af () + A, (2)
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(a)y* means “absorbed fermion”, (b)y)~ means “emitted anti-
fermion”, (c)y* means “absorbed anti-fermion”, (d)y~ means
“emitted fermion”, (e)Al'f means “abosorbed photon”, and
(f)A,, means “emitted photon” respectively.

The most basic feynman rules can be defined here. (a)-(f) corre-
spond to each diagrams as seen in the right figures respectively.
One should pay attention to the direction of arrow in figures
means the momentum direction. Notice that the definition of
the arrow direction in the feynman diagram may be different
for each any textbooks.

For example, the 1-st order S-matrix includes

S 5 ie/d4xN [1/3+7“¢+A;] .
This term corresponds to the diagram of Figure.F.1.

Exercise(II)

Draw the diagram corresponds to

ie [ dtan [ty AL,

F.1.1 Propagator and Feynman rule

(a) Absorbed fermion S Y

(b) Emitted anti-fermion o o

(c) Absorbed anti-fermion______ o

(d) Emitted fermion — » 0
(e) Absorbed photon A VaVaVaVaVaVa)
(f) Emitted photon N NANANN\N\U

Figure F.1:

Propagators mean the exchanging vertual particles, and are equivalent to the “potential” or “interaction”.

For example, “vertual photon” is equal to the “electro-magnetic intearction”, “pion” is equal to the “one-

pion exchange potential” which is related to the nuclear force. “Yukawa force” is related to the “scalar
Propagators propagate properties of particles, quantum number, momentum, mass, and so on, be-

tween channels.
Typycal propagators can be given by

(a) iSp(z —a') = (0T [¢ ()" (2")] |0) = (2;_)4 /d%p;ip:;_fiee%p(x*w Fermion
(b) iAp(z—2') = (0|T [p(z)p'(z')] |0) = (2;)4 /d4kk2 e eike—a) Scalar Boson

(© Dk~ ) = OT @A @] 10) = oo [ b2
; —gtv 4 ELET ,
(@) D (@ ') = (OIT [A"() A" (@) [0) = iy [ il

—m?2 4+ ie

(2m)*

(2m)*

e~ *(@=2") Massless Vector Boson

Vector Boson

Fermion propagator satisfies Dirac-type equation, and also Boson propagator satisfies Klein-Gordon-
type equation. Sometimes this is the definition of the propagator. In the non-relativistic formalism,
propagator is called “Green’s function” . “Green’s function” satisfies Schrodinger-like equation. This is

the definition of the Green’s function.

F.1.2 Application of the Feynman rules to the 2nd order S-matrix

In order to apply the Feynman rules to the 2nd order S-matrix, one should study Wick’s theorem.
Wick’s theorem is well known thorem and often used not only in the relativistic formalism but also in
the non-relativistic 2nd quantized field theory. But because wick’s theorem is rather comlicated, and its

proof is defficult, so I only introduce this theorem.
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Exercise(III) H v
(a) Fermion ° > °
Make sure that each paorgators satisfy each equa- X X'
tions.
(b) Scalar Boson @ cnrnemnrnenenenenannen—ane °
Feynman rules for each propagators X X'
Here the Feynman rules for each propagators (a)-(d) (c,d) Vector Boson L:\/\/\/\/\/\/\\;
can be defined as right figures. X X
u
By using Wick’s theorem, D)
e? T “_ ,
S@ 5 —5//d4x1d4x2zv [(1/) ~ ¢+)zl (¢ v ¢+)z2} iDp (21 — x2)
is included. This term corresponds to a diagram of right figure. x2)
v

Exercise(IV)

Study Wick’s theorem by using some textbooks of the quantum field theory.

Exercise(V)

By using Wick’s theorem, derive all Feynman diagrams in the 2nd order S-matrix.

F.1.3 Propagator and Potential

As the previous subsection, the propagator is related to the potential in the static limit. In the static
limit, the (scalar boson) propagator in the momentum space is given by

1
k% + m2

The Fourier transformation of this propagator yields Yukawa potential.

(2m)3 k2 +m2 4m 7

3k 1 1 e ™
/ ezk}’r €
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